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Deep Cement Mixing (DCM) columns have been used extensively for improving soft 
clayey deposit for embankment constructions. For stability analysis, the current design 
method assumes a slip circle failure surface shearing through the columns and the soils and 
using a weighted average shear strength. However, the results from laboratory centrifuge 
model test and numerical analysis indicate that in many cases, the DCM columns fail by 
bending. Some researchers have proposed methods for estimating the maximum bending 
moment in the single column under embankment loading or maximum embankment 
loading for bending failure of DCM columns. However, those methods either have 
limitations in correctly considering the internal shear stresses or not applicable for the case 
of group DCM column improvement. A new design method for evaluating the bending 
failure of column for the group DCM columns improved ground under embankment load 
has been proposed in this study considering main factors affecting the bending moment in 
the DCM column.  
Firstly, bending failure mechanism of DCM columns in soft ground under embankment 
load has been investigated by verified three dimensional (3D) finite element analyses 
(FEA). The key factors studied were (1) area improvement ratio by the columns, α, (2) 
length of the column, L, (3) compressibility of soft ground, λ (slope in e-ln(p’) plot of 
virgin compression, where, e is void ratio and p’ is consolidation pressure), (4) undrained 
shear strength of the ground, su, and (5) height of the embankment, H. 
It has been found that maximum bending moment in the column under the toe of the 
embankment increases with reduction of α and su, and increasing the λ and H. Regarding 
the length of the column, in case of end bearing column, for the cases investigated where 
the strength of soft soil increased with depth, the increase in the thickness of the soft soil 
did not cause considerable increase of maximum bending moment. While for floating 
column cases, under a condition of fixed thickness of soft soil, the maximum bending 
moment increased with the reduction of the length of the column. 
Then to consider the effects of all these factors in predicting the maximum bending 
moment in the columns under the toe of an embankment, the normalized maximum 
bending moment (Mn), and the ratio (Pn) of load (pem) to undrained shear strength ratio (su) 
have been introduced. For end bearing columns, the relations between Mn and Pn has been 
proposed for different stiffness index (Ir) of soil, which is the ratio of shear modulus (G) to 
 vi 
 
the undrained shear strength (su) of the soft deposit. With known soft soil properties and 
loading conditions, from Pn – Mn relationship, the maximum bending moment can be 
predicted. Then for cases of floating columns a correction factor has been proposed to 
convert the maximum bending moment of end bearing case to the floating column case. 
The effectiveness of the proposed method has been validated through the application to 
three centrifuge model tests and four field cases results reported in the literature. It is 
recommended that the proposed method can be used for design embankment on DCM 
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Any engineering structures constructed on soft clayey ground will face large ground 
settlement and/or instability problems. Deep cement mixing (DCM) method is a useful soft 
ground improvement method for preventing long term settlements; reduce lateral 
displacements of the highway embankments (Kamon and Bergado 1991; Bergado et al. 
1996; CDIT 2002; Broms 2004).  
The stability of the embankment on DCM columns improved ground are mainly 
classified into two categories: (1) external stability and (2) internal stability. External 
stability is due to sliding failure according to the current design method. For the internal 
stability, based on the current design method for a group column type improvement, it is 
assumed that the DCM column and the soft soil between DCM columns behave like a 
composite system and have weighted average strength. Internal failure occurs when the 
composite system fails by shear failure irrespective of the location along the slip surface. 
Using this, some field or laboratory failure phenomenon cannot be explained satisfactorily. 
The lack of information has limited in understanding of failure modes and the rigorous 
development of design procedures. 
Kitazume and Maruyama (2007) did several centrifuge model tests to understand the 
failure mode of the embankment on DCM columns improved ground in a reduced scale 
and found out bending failure mode for internal stability. In the presence of embankment 
load, usually foundation soils bear vertical forces while DCM columns bear vertical forces 
and resist lateral soil movements. The lateral soil movements in the soft soil tend to 
laterally deform the DCM columns and induce bending moment in the columns, and if the 
bending moment is large enough bending failure of the column and then the structure will 
occur. 
Current design method has the limitations as it only considers the composite shearing 
through the columns and soil. Kitazume and Maruyama (2007) proposed an analytical 
equation for the design of the embankment based on bending failure assumption. However, 
the method has a limitation in considering the internal shear stresses at the equilibrium 
condition. Therefore there is a need to develop a design method for the bending failure of 
the DCM columns due to embankment load. Goh et al. (1997) proposed a method for 
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estimating the maximum bending moment of a single column located at the toe of the 
embankment. But it cannot be directly applied for group column cases. 
 
1.2 Objective and scope of the research 
 
The study focused on investigating the bending moment in DCM column under 
embankment loading numerically. The main objective of this research is to develop a 
design method for bending failure mechanism of DCM columns. The objective has been 
achieved by the following steps: 
(1) Develop an effective numerical method 
Finite element analysis procedure has been first verified by comparing the simulated 
and the measured results of centrifuge test reported in the literature in terms of lateral 
displacements, settlement, and the bending moment in the columns. Further, it has been 
verified by comparing the simulated and measured results of a full scale test embankment 
constructed on the soft clayey deposit in Saga, Japan. 
(2) Conduct extensive numerical investigations on factors influencing the bending 
failure 
Numerical investigations were conducted for studying the factors influencing the 
bending failure of the DCM columns such as (1) area improvement ratio, (2) height of the 
embankment, (3) length of the columns (floating vs end bearing), (4) diameter of the 
column, (5) undrained shear strength of the ground and (6) the stiffness of the ground. 
(3) Propose a method for predicting bending failure 
Based on the results from the numerical investigations, an empirical method with 
theoretical considerations of the main factors influencing the bending failure has been 
proposed for predicting the bending moment of DCM column under embankment loading. 
 
1.3 Organization of the dissertation 
 
The dissertation contains six chapters. The introductory Chapter 1 describes the 
background, objectives and scopes of the work. Chapter 2 reviews the literatures about the 
failure modes of the embankment on column improved deposit, design methods up to date 
for the embankment on DCM column improved deposit, limitations of the design methods. 
Chapter 3 presents results of extensive numerical investigations on the factors 
influencing the bending moment of the DCM columns. Chapter 4 presents the proposed 
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method for predicting the maximum bending moment of DCM column under embankment 
loading. 
Chapter 5 presents the validation of the proposed method through model tests and field 
cases reported in the literature. Finally, the conclusions drawn from this study and 
recommendations for future works are given in Chapter 6. The flowchart of this study is 







































Proposed design method for bending 
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CHAPTER FIVE 
Verification of the Proposed Method 
 
CHAPTER SIX 
Conclusions and Recommendations 
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    CHAPTER TWO 




Generally the ground improvement techniques can be classified broadly into following 
two categories (Bergado et al. 1996). 
(1) Dewatering and compaction, 
(2) Using chemical admixtures and various reinforcements. 
Deep cement mixing (DCM) method is one of the ground improvements belonging to 
category 2. 
Table 2.1 Applicability of ground improvement for different soil types (Kamon and 
Bergado1991) 
Note:  OS = Organic Soil, VS = Volcanic clay soil, HPS = Highly plastic soil, 
LPS = Lowly plastic soil, S1S = Silty soil, S2S = Sandy soil, GS = Gravel soil 
 
Table 2.1 lists the applicability’s of ground improvement methods for different soil 
types (Kamon and Bergado 1991) which have been widely used and which have proved to 
provide soil strength improvement, mitigate total and differential settlements, shorten 
construction time and reduce construction costs.  
Improvement 
mechanism 
Improving period Improved 
state of soil 
Remarks Soil types 
Reinforcement Depending on the 





























Furthermore, deep cement mixing (DCM) columns can be constructed by two methods 
(Chida 1982; Miura et al. 1986; Bergado et al. 1996): (1) Dry jet mixing method and (2) 
Wet jet mixing method. The state of practice in construction of DCM columns has been 
well explained in the literature (Terashi et al. 2002; Kitazume and Terashi 2013). 
DCM method, normally forming soil-cement columns have been widely used to 
improve engineering properties of soft clayey deposit, for geotechnical projects, such as for 
highway embankment constructions. The main purpose of soft ground improvement by 
DCM columns is to increase the shear strength, reduce the compressibility of soil (Broms 
and Boman 1979; Bergado et al. 1996). Floating DCM columns, partially penetrating soft 
clayey deposit, is effective in reducing the construction cost and minimizing the effect on 
the groundwater (Shen et al. 2001; Chai et al. 2009; Chai and Carter 2011; Hino et al. 
2012). 
 
2.2 Application of deep cement mixing columns 
 
The applications of DCM columns can be classified into various categories depending 
upon the improvement patterns (Coastal Development Institute of Technology, CDIT 
2002). Group column type improvement has a number of stabilized individual columns 
constructed in rows with rectangular or triangular pattern in the ground. The construction is 
fast and the volume of improvement is relatively small. It is used for foundations of low 
embankment and relatively light weight structures. Typically, area improvement ratio (α), 
of 0.3 to 0.5 is used for settlement reduction purpose while 0.5 to 0.8 for the stability of the 
embankment side slope. For the stability of earth retaining structures such as revetment and 
embankment slopes, the wall type improvement with long and short DCM walls is used, 
where the stabilized columns overlap each other. The long wall is used to bear the weight 
of the superstructures while short wall is combined with long wall to increase the integrity 
of the improved ground.  
Similarly, with large width and impermeable characteristics of stabilized soil, block type 
improvement with a huge improved soil mass by overlapping all the stabilized soil 
columns has been used to prevent the leaching of waste chemical to the surroundings and 
also for heavy and permanent structures such as breakwater and sea revetment. On the 
other hand, grid type improvement has been widely applied for increasing the bearing 
capacity and stability of ground in marine constructions. Furthermore, it prevents 
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liquefaction and lateral spreading in sandy ground during earthquakes. The applications of 
deep mixing method can also be classified as follows (CDIT 2002): 
(1) For clayey soils including organic soils 
(a) Increase bearing capacity, 
(b) Reduce settlement and active earth pressure, 
(c) Increase passive earth pressure and horizontal resistance to pile and sheet walls. 
(2) For sandy soil 
(a) Increase bearing capacity, 
(b) Reduce settlement and prevent liquefaction, 
(c) Seepage cut off. 
 
2.3 Behavior of embankment on column improved deposit 
 
The main purpose of column improvement is to reduce the settlement and increase the 
bearing capacity of the ground on which the embankment rest. In practice understanding 
the failure modes, design methods is essential.  Studies on the prediction of mechanical 
behavior of DCM column improved ground have become a major research topic nowadays 
to both practitioners and researchers in Asia. Most of the available researches related to the 
deep mixing method were confined to the strength and the overall stiffness of the soil-
cement columns (Kamon and Bergado 1991; Miura et al. 2001; Porbaha 2001; 
Horpibulsuk et al. 2004). Many researches have been done in understanding the 
engineering behaviors of DCM column in terms of shear strength (Kamruzzaman 2003; 
Horpibulsuk 2005), tensile strength (Saitoh et al. 1980; Das and Dass 1995; Porbaha et al. 
2000) and modulus ( Lorenzo and Bergado 2006). Apart from above, now-a-days 
researchers are more interested in studying the failure mode of the DCM columns 
(Shrestha et al. 2015a, 2015b). The following sections on the failure modes of the DCM 
columns, conventional design methods which are in use, problem and necessity of 
additional design methods will be discussed. 
 
2.3.1 Failure modes 
 
Numerous researches have been already carried out to understand the failure modes of 
an embankment on DCM columns improved deposit either by numerical modeling or 
physical modeling such as full scale field tests or centrifuge tests (Kitazume et al. 2000; 
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Kitazume and Maruyama 2006, 2007; Jamsawang et al. 2011). Current design methods 
consider the shear failure of DCM columns against internal stability as shown in Fig. 2.1. 
Kivelo and Broms (1999) analyzed different possible modes of failure of the columns 
supporting embankment taking into account the strength and deformation properties of the 
columns and soil between columns. Their study showed that the columns located in the 
active and in the shear zones along an assumed shear slip surface (Fig. 2.2) of an 
embankment fail by different modes (Fig. 2.3).  
In Fig. 2.3, Mode a and Mode b are the failure due to exceeding of shear strength and 
compressive strength respectively. Failure can occur by Modes c, Mode d and Mode e 
when the moment capacity of the columns is exceeded due to which one or more plastic 
hinges are formed at the points of maximum bending moment. The location and number of 
plastic hinges depend on location of the slip surface compared with the length of the 
column. When the depth of the slip surface is shallow compared to the length of the 
column, failure Mode c can occur. As the thickness of displaced soil mass increases, 
maximum bending moment in the column above the slip surface also increases. When this 
bending moment exceeds its capacity, second plastic hinge develops in the column as 
shown by Mode d. But when then length of the column below the slip surface is small, one 
plastic hinge will develop above the slip surface when the bending moment reaches its 
capacity as shown by failure Mode e. 
Mode f, Mode g and Mode h are failures that occur when lateral resistance of the 
unstabilized soil around the columns is exceeded. When the slip surface forms close to the 
ground surface, the displaced soil will flow around the columns as shown in Mode f. 
Columns fail by Mode g when the columns are short, the depth of slip surface is half of the 
length of the columns, and the shear strength is almost constant with depth. In this mode, 
the columns rotate as rigid bodies at failure, which is very unusual. Failure Mode h occurs 
when the column tip is extended only to a small distance below the slip surface. The 
columns move as rigid body’s through the soil when embankment fails (Kivelo and Broms 
1999). 
On the other hand, for slope stabilized by laterally loaded piles Kanagasabai (2010) 
indicated two main types of potential failure mechanisms. The first failure mechanism 
involves a flow of soil around the pile associated with failure of the soil (Mode f). If the 
piles do not penetrate deep enough, failure occurs in the underlying soil. In the second 
mechanism of failure, one or more plastic hinges are formed in the pile at the points where 
maximum bending moment occurs (Mode d). Briaud et al. (2000) introduced the concept 
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of VERT wall in which the retaining wall is constructed by installing several rows of soil-
cement columns and indicated pure shear, rigid body rotation, rigid body translation, rigid 
body settlement and bending deformation failure modes as shown in Fig. 2.4. 
 
Fig. 2.1 Shear failure (Current failure mode) 
 
Fig. 2.2 Assumed slip surface (Kivelo and Broms 1999) 
 
     Mode a       Mode b      Mode c       Mode d     Mode e       Mode f     Mode g     Mode h 
Fig. 2.3 Possible failure modes of the columns (Kivelo and Broms 1999) 
 
Fig. 2.4 Modes of deformation of full-scale VERT wall (Briaud et al. 2000) 
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Therefore, the DCM columns may fail by shear, bending, sliding, rotation, or a 
combination of these modes under embankment loading as shown in Fig. 2.5 (Kitazume 
and Maruyama 2006, 2007). 
 
Fig. 2.5 Failure modes of DCM columns (modified after Kitazume and Maruyama 2007) 
 
For understanding the behavior of the composite system of the embankment and the 
DCM column, some researchers have done full scale-tests (Cali et al. 2005a, 2005b; 
Jamsawang et al. 2011; Voottipruex et al. 2011a). Voottipruex et al. (2011a) mentioned 
that because of the lack of quality control in the site, unexpectedly lower strength is 
achieved for DCM column in the field than the assumed strength in design stages. As a 
result, the DCM columns failed by pile failure mode rather than the soil failure mode 
particularly at the top of the DCM columns.  
In addition to the highway embankment as surcharge load, Kitazume et al. (1996, 1999, 
2000) studied the bearing capacity problem of a rigid concrete structure resting on a group 
of individual columns (Fig. 2.6). The improvement area ratio was 0.79 where each column 
was in contact with the adjacent columns (tangent columns). The strength of treated 







Fig. 2.6 Model ground setup for bearing capacity (Kitazume et al. 2000) 
 
Figure 2.7 shows the different modes of failures exhibited by a series of testing 
(Kitazume et al. 2000). The treated columns with 300 kN/m
2
 failed by bending failure in 
Case B in their paper (Fig. 2.7(a)) but those columns with an extremely high strength of 27 
MN/m
2
 did not fail at all and overall failure was governed by the rotation of treated 
columns as shown in Case C in their paper (Fig. 2.7(b)).  
Larsson et al. (2012) studied the behavior of laterally loaded lime–cement columns in a 
shear box. The lime-cement columns were installed in a single column pattern and in rows 
with very low area improvement ratio (α) about 0.12. The authors concluded that the lateral 
loading from the surrounding soft soil caused bending failure in the single columns and for 
rows of column, bending failures were observed. For the overlapped columns, the tensile 
strength was reduced in the overlap zone and shear strength was decreased resulting in 
bending failure. Rashid et al. (2014) made a comparison of the failure behavior of the 
DCM columns under centrifuge model of rigid and flexible foundations. From their test 
result they concluded that the columns failed by a combination of shear and bending failure 
for end bearing columns and bending failure only in the case of floating columns. 
In addition, Ignat et al. (2014) did a study of an excavation with a tied back sheet pile 
wall in interaction with perpendicular rows of deep dry mixed overlapping columns by two 
dimensional (2D) and three-dimensional (3D) FEM models. In 2D model, the improved 
ground was modeled as a composite material and the effect of a strength reduction in the 
overlapping zone between the columns in the rows was taken into account by defining 
vertical joints in the composite soil volume. The results of the FEM analysis showed that 
the columns failed by bending with two plastic hinges developed above and below the slip 
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surface, starting with the columns closest to the sheet pile wall, and extending until a 
failure surface occurring in the entire structure. 
 
(a) Case B, vertical loading, qu = 300 kN/m
2
 (Kitazume et al. 2000). 
     
      
 
(b) Case C, vertical loading, qu = 27,000 kN/m
2
 (Kitazume et al. 2000). 
 
Fig. 2.7 Various failure modes for a group of individual columns (Kitazume et al. 2000). 
 
2.3.2 Design method 
 
In current practice for design of embankment on DCM columns, it assumes slip circle 
analysis as a failure pattern. It is assumed that the peak shear strength of the columns is 
mobilized at the same strain as the peak shear strength of the surrounding soft soil between 
the columns (Fig. 2.8). This indicates the full compatibility between the soil and the 
columns. Failure thus occurs along a slip surface passing through the columns and the 





Fig. 2.8 Assumed strains in the calculation of weighted average shear strength (Kivelo 
1998) 
 
When such assumption is made the composite strength of improved ground is calculated 
using equation (Kivelo 1998) 
τcomposite = α×τu,column +(1-α)×τu,soil                                                                            (2.1) 
where τcomposite = composite shear strength along the sliding surface; τu,column = shear 
strength for treated soil column; τu,soil = shear strength for soil; α = area improvement ratio. 
According to Mohr-Coulomb failure criterion, shear strength of column and soil can be 
calculated as: 
τ = c + σn tanϕ                                                                                        (2.2) 
where c = cohesion intercept; σn = normal stress; and ϕ = friction angle 
Afterwards several researchers have found that this concept of using weighted average 
shear strength can overestimate the real shear strength of the composite system. The 
interaction between the columns and the surrounding soil depend on their materials, and 
strengths. As the strength of the DCM column and the untreated soil can vary a lot, so the 
applicability of a composite shear strength analysis to ground treated with lime-cement and 
soil-cement columns is uncertain (Broms 1999).  
While in Japan, current design method (CDIT 2002) also considered treated soil as a 
composite material. However, it assumed that the peak shear strength of the columns is not 
mobilized at the same strain as the peak shear strength of the surrounding soft soil between 




Fig. 2.9 Mobilized shear strength of stabilized soil (Kitazume and Terashi 2013) 
 
Thus a factor k is introduced in the equation to account for the difference in strain 
mobilization between soil and cement columns. The resulting equation (Kitazume and 
Terashi 2013) becomes: 
τcomposite = α × τu,column +k (1-α) × τ u,soil                                                                           (2.3) 
where k = a coefficient for soft soil strength i.e. k =  τu,mob/τu,soil (τu,mob  = the shear strength 
of soft soil mobilized at the peak of the shear strength of treated soil, τu,soil ). 
 
2.4 Bending failure of DCM columns 
 
2.4.1 Existing research results 
 
Failure mechanisms for group columns or rows of DCM columns have been described 
and discussed in many papers (Broms 1999; Kitazume et al. 2000, 2006, 2007; Adams et al. 
2009; Filz et al. 2011; Terashi et al. 2011). Several researchers studied the failure 
mechanism by centrifuge and 1g small scale model tests which showed various failure 
mechanisms (Kitazume et al. 1996, 1999, 2000, 2006, 2005, 2007; Miyake et al. 1996; 
Ilyas et al. 2005; Ohishi et al. 2005; Al-Defae et al. 2014; Rashid et al. 2014). 
Kitazume and Maruyama (2006; 2007) did several centrifuge model tests to understand 
the failure mode of the highway embankment on ground improved with DCM columns in a 
reduced scale and found out different modes of failure rather than the sliding and shear 
failure such as rotational failure for external stability and bending failure for internal 
stability. In Fig. 2.10 one of the model of centrifuge test, Case 7 performed by Kitazume 
and Maruyama (2007) at the Port and Airport Research Institute, Japan is shown. This test 
consisted of a box with dimensions of 0.7 m in length, 0.2 m in width and 0.6 m in depth. 
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The height of the embankment was 0.2 m and the subsoil consisted of 0.2 m thick soft clay 
layer, underlain by a 0.2 m thick dense sand layer. The model ground was improved by 
five rows of soil-cement columns having very low stiffness (E = 63 MN/m
2
) with a 
diameter of 20 mm and length of 0.2 m installed under the embankment slope in a square 
pattern with a spacing of 33 mm. This model ground was subjected to centrifugal 
acceleration of 50 g. After the completion of the test it was seen that the columns failed by 
bending (Fig. 2.11).  Also, Kitazume and Maruyama (2007) mentioned the DCM columns 
did not fail simultaneously but instead fail one by one in sequence from the front column 
towards the rear column (i.e. columns at toe towards the center of the embankment). 
Several researchers have conducted numerical analyses to study the failure mechanisms 
(Han et al. 2004; Navin 2005; Navin et al. 2006a, 2006b; Adams et al. 2009; Larsson et al. 
2012). In the literature, recently Yapage et al. (2013a, 2013b) analyzed geosynthetic 
reinforced column supported (GRCS) embankments using 2D finite element analysis 
(FEA) and found out punching shear failure around column heads, overturning failure and 
bending failure of columns. Yapage et al. (2013b) mentioned that the resulting slip surface 
is not circular and it is a slip band with a certain thickness as shown in Fig. 2.12 where 
columns closer to the embankment toe have a single plastic hinge, while the middle 
columns have two plastic hinges with approximately same distance in between them. 
 









Fig. 2.12 Failure modes of DCM columns (Yapage et al. 2013 b) 
 
 
Fig. 2.13 Failure modes of columns (Zhang et al. 2014) 
Zhang et al. (2014) also reported similar kind of bending deformation of end bearing 
columns under embankment load with one and two plastic hinges using 3D FEA (Fig. 
2.13).  The soft soil deformed significantly under the embankment loading and dragged the 
DCM columns outwards. Shrestha et al. (2015a) conducted 3D FEA simulating one of the 
centrifuge model tests of embankment on column improved clayey soil reported by 
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Kitazume and Maruyama (2007) and mentioned both measured and simulated results 
indicate that when the column is very stiff and strong, the columns tend to fail by 
overturning, while for weaker columns, they tend to fail by bending. Thus the DCM 
columns constructed below the road embankments in the soft ground is vulnerable to large 
lateral displacements resulting in bending failure due to the embankment load.  
 
2.4.2 Design considerations 
 
Kitazume and Maruyama (2006; 2007) developed an Eq. (2.4) to predict the maximum 
embankment load for bending failure. The assumed bending failure patterns is shown in 
Fig. 2.14. The ultimate active and passive earth pressures according to Rankin’s theory 
were adopted in the calculation.  
pef,bending=eHef,bending                                                                                                   (2.4) 
where pef = embankment pressure at failure;e = unit weight of embankment; and Hef =  
height of embankment at failure.                                                                            
 
Fig. 2.14 Bending failure analysis (after Kitazume and Maruyama 2007) 
 
The Hef bending is calculated by Eq. (2.5) considering moment equilibrium at the failure 
plane. In the calculation, all the DCM columns are assumed to fail simultaneously in 
bending failure mode and the improved area above the failure plane is assumed to deform 
as simple shear. 
Mae + Mac = Mrc + Mrt + Mre + Msc + Mpc + Mpb                                          (2.5) 
where Mae = driving moment by active earth pressure of embankment; Mac =  driving 
moment by active earth pressure of clay ground; Mrc = resistance moment by adhesion on 
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side surface of DCM columns; Mrt =  resistance moment by weight of DCM columns;            
Mre =  resistance moment by weight of embankment; Msc =  resistance moment by shear 
strength of clay between DCM columns; Mpc = resistance moment by passive earth 
pressure of clay ground; Mpb =  resistance moment by bending moment of DCM column. 
Kitazume and Maruyama (2007) mentioned that proposed equation based on the 
bending failure mode of the columns has relatively high applicability than calculations 
based on current assumption of shear failure for evaluating the internal stability of the 
group column type improved ground and also current design method based on shear failure 
overpredicted the embankment pressure at failure. 
 
Limitations on the design method 
 
However, there are some limitations of the above proposed equation. 
(1) The resisting moment due to adhesion on the outer surface of the inner DCM 
columns (Mrc) and the resisting moment due to shear strength of clay between DCM 
columns (Msc) mathematically nullify each other as they act on opposite sides when 
considering the DCM columns and the soil between the DCM columns as a composite 
system as they are internal forces (Fig. 2.15(a)). The above proposed equation can be 
relevant if the Mrc and Msc were external forces and the columns individually act on the 
system as shown in Fig. 2.15(b).  
(2) In the above analytical method, the entire columns bend at the same location 
simultaneously like a shear failure plane, which is not realistic as centrifuge model test 
already delineated that the columns failed one by one in sequential order and not in the 
same location. 
Thus the analytical equation proposed by Kitazume and Maruyama (2007) is not 
accurate for predicting the appropriate embankment pressure at column bending failure. 






(a) Composite system 
 
(b) Individual system 
Fig. 2.15 Adhesion on the periphery of column and shear strength of the soil 
 
In the literature, some empirical design methods have been developed to predict the 
bending moment on the piles under embankment load and uniform undrained shear 
strength of the soft ground. Goh et al. (1997) took a single concrete pile embedded in a 
layered clay-sand stratum (Fig. 2.16). The lateral displacements and the bending moments 
in the pile was evaluated from plain-strain finite element studies for a number of 
embankment pressures ranging from surcharge load (q = 25-100 kN/m
2
). Based on the 
numerical results, an empirical correlation was established between maximum bending 




Fig. 2.16 Geometry of the soil model (Goh et al. 1997) 
 
M* = Mmax /(cudhs
2
)                                                                                  (2.6) 
where M* = the normalized dimensionless parameter; Mmax = maximum computed bending 
moment in the pile; cu  = undrained shear strength; d  = diameter of the pile; hs =  thickness 
of the soft soil layer. 
M* =λexp{β(q/cu)}                                                                                   (2.7) 
where λ = 1.88 (kR)
 0.5 ; β = 0.18 (kR)
-0.1 ; λ and β = bending moment coefficients from 
regression analysis; q = embankment pressure; kR  = relative soil-pile stiffness. 
Hence, the above equations by Goh et al. (1997) are helpful to estimate the preliminary 
maximum bending moment induced in piles located at the toe of the embankment. While 
the above formulation is made based on the single pile located at the toe of slope. There is 
no equation for calculating maximum bending moment in case of group column 
improvement. Further, the undrained shear strength of the ground is uniform, which is not 
the real case. In the real case, the undrained shear strength of the ground varies with the 
depth. 
 
2.4.3 Areas further research needed 
 
From the discussions above it is seen that there is still a need of an accurate method for 
predicting bending failure of DCM column considering all influencing factors. The further 
research is conducted to address the following investigations: 
(1) Factors influencing the bending failure of DCM columns 
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A quantitative understanding of each factor is needed: (a) area improvement ratio; (b) 
height of the embankment; (c) length of columns; (d) diameter of the column; (e) 
undrained shear strength of the soil; and (f) compressibility or stiffness index of the soil.  
(2) A design method for bending failure.  
Therefore all above factors have to be considered quantitatively in an effective design 
method, and currently there is no such method available. Ordinary limit equilibrium 
analyses only accounted for a composite shearing failure mode. Numerical stress-strain 
analyses, especially finite element method (FEM) are a powerful tool for parametric study 
of geotechnical boundary value problem. Using a valid FEM can result in quantitative 
understanding of the effect of the above listed factors. Then by theoretical and /or 
statistical analyses, a design method for bending failure mode could be established. This 




The deep cement mixing (DCM) method can form as a group columns, wall, and grid of 
columns depending on the requirements of the project. The stability of the embankment 
with improved ground as foundation is mainly classified into two categories: (1) external 
stability and (2) internal stability. When evaluating the internal stability it is found out 
from the literature that shear and bending failure exist. Bending failure is more critical for 
the design of the group column type DCM columns as understood from the centrifuge tests 
of the Kitazume and Maruyama (2007) and various other numerical analyses from different 
researchers. Based on the assumption of bending failure of the DCM columns Kitazume 
and Maruyama (2007) developed analytical equations to predict the maximum 
embankment pressure at failure. However, this analytical method has some limitations. 
Goh et al. (1997) developed an empirical equation for predicting the maximum bending 
moment at failure condition for the column located at the toe of the embankment. As the 
approach by Goh et al. (1997) considered only a single column embedded in the soft clay 
deposit, another method to predict the bending failure of the column located at the toe of 
the embankment for group column type improvement is needed. Limit equilibrium analysis 
has short comings as it considers only the shear failure mode. There is a need to develop a 
new design method considering all important factors influencing bending failure of DCM 
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Numerical analysis has been a powerful tool for predicting the behavior of the 
embankment on soft ground having piles and deep cement mixing (DCM) columns as 
foundation (Chai et al. 2009; Huang and Han 2009; Borges et al. 2011; Oliveira et al. 
2011; Larsson et al. 2012; Girout et al. 2014; Yapage et al. 2015; Bhasi et al. 2015; 
Jamsawang et al. 2015a, 2015b; Nguyen et al. 2015; Pradhan 2015; Liu et al. 2016). A 
centrifuge model test of embankment on column improved clayey ground reported in the 
literature, and a test embankment constructed on a soft clayey ground in Saga, Japan were 
simulated by two-dimensional (2D) and three-dimensional (3D) finite element analyses 
(FEA). By comparing the simulated results with the measured data in terms of lateral 
displacements, settlements and bending moments, the effectiveness of the numerical 
procedure has been verified. Then the numerical investigation has been conducted by 
varying the stiffness and length of the columns, diameter of the columns, size of the 
improved area, height of the embankment, undrained shear strength and stiffness of the 
ground. The numerical results have been analyzed focusing on the effect of these variables 
on maximum bending moment, and the tensile stress in DCM column. 
 
3.2 Verification of numerical procedures 
 
3.2.1 By Model test results 
 
The centrifuge model test of embankment on DCM columns improved model ground 
(Kitazume and Maruyama 2006, 2007) has been simulated by 3D FEM. The description of 
the centrifuge model test, numerical modeling and comparison of measured and simulated 
results are presented in following sections. 
 
(1) Description of the centrifuge model tests 
 
The centrifuge tests reported by Kitazume and Maruyama (2006, 2007) used a box with 
dimensions of 0.7 m in length, 0.2 m in width and 0.6 m in depth. The height of the 
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embankment was 0.2 m and the subsoil consisted of 0.2 m thick soft clay layer underlain 
by a 0.2 m thick dense sand layer (Fig. 2.10). The tests were conducted under 50 g, and for 
a prototype model, it would be an embankment with height of 10 m on a 10 m thick soft 
clay layer. The mechanical properties of the embankment, clay layer, and sand layer are 
listed in Table 3.1. Referring the data provided by Kitazume and Maruyama (2006, 2007), 
two types of model columns, an acrylic pipe and a soil-cement column, were used in the 
centrifuge model tests, and their dimensions and Young’s moduli are listed in Table 3.2. 
 
Table 3.1 Physical and mechanical parameters of soils used in the model test 
Note:  = unit weight; ν = Poisson’s ratio; E= elastic modulus; c’= cohesion; ϕ' = friction 
angle; λ = slope of compression line in e-ln(p’) plot (e is voids ratio and p’ is effective 
mean stress); κ = slope of rebound line in e-ln(p’) plot 
 
Table 3.2 Geometry and modulus of model columns (Kitazume and Maruyama 2006, 
2007) 
 
The annular acrylic pipe was filled with a steel rod and silicon to make the self-weight 
of the pipe close to the model ground. Strain gauges were installed on the outer surface of 
the pipe to measure the bending moment distribution (Kitazume and Maruyama 2006). 
While with soil-cement column, the bending moment was not able to be measured. For the 
centrifuge test Case 3, the model ground was improved by five rows of acrylic pipes 
(columns) fully penetrated into the soft clay layer under the toe of the embankment. The 
acrylic columns were arranged in a square pattern with a spacing of 33 mm. Other 
centrifuge test Cases 2 and 4, the model ground were improved by acrylic pipes but with 
three and seven rows.  In the centrifuge test Case 7, the soil-cement columns were used but 
Description  (kN/m3) λ /(E MN/m
2
) κ/ (ν) c' (kPa) ϕ' (º) e 
Embankment 14 (8) (0.3) 2 30 0.7 
Clay 13.8 0.213 0.0426 2 25 2.5 
Sand 18.8 (10) (0.3) 2 35 0.5 
Column Cases E (MN/m
2   
) Dia. (mm) 
Acrylic pipe Cases 2, 3 and 4 1000 Outer = 19 
Inner = 16 
Soil-cement column Case 7 62.6 20 
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with same number of rows as in Case 3. For all the cases, the area improvement ratio was 
0.28.  
  
(2) Numerical modeling 
 
In simulating the centrifuge model test, the geometry of the model, the physical and 
mechanical properties of the model ground and loading procedure have been modeled the 
same as the actual ones. The gravity force is 50 times of the earth gravity (n = 50), and in 
term of consolidation time, suppose the centrifuge time is tc, which correspond to a time of 
n
2∙tc for a full scale prototype case. In 3D FEA, the column was modeled as solid elements 
with a square cross-sectional area for the ease of mesh generation (Chai et al. 2015). For 
columns used in the model test Case 3, the value of the second moment of area I, of each 




. Under the condition of equal EI (E is Young’s modulus), the 
converted equivalent side width of the square cross-section, B = 16.7 mm.  
The soft clay was modeled by the soft soil model (Neher et al. 2001) and the 
embankment and the sand layer were modeled by linear elastic model obeying the Mohr- 
Coulomb failure criterion. The stage construction procedure was used for simulating the 
embankment loading in 20 different phases and each phase had an embankment height of 
0.01 m in centrifuge scale. Coupled consolidation analysis with updated mesh option was 
used for all phases. The time period for each phase was 30 seconds. The adopted model 
parameters are listed in Table 3.1. For soft soil model, the value of the slope of rebound 
line in e-ln(p’) plot (e is voids ratio and p’ is effective mean stress), κ, was assumed as 1/5 
of the value of the slope of virgin compression line in e-ln(p’) plot, λ. The value of 
poison’s ratio (ν) was assumed. The columns were treated as a linear elastic material.  
The simulated undrained shear strength profile of the soft clay layer is shown in Fig. 3.1. 
The model ground had a thin layer of over consolidated clay underlain by thick normally 
consolidated clay. To closely simulate the values of over consolidation ratio (OCR) of the 
model ground, the clay layer was divided into three layers with different value of OCR (Fig. 
3.1). The numerical simulation was performed using PLAXIS 3D (2013 version). The 3D 




Fig. 3.1 Simulated undrained shear strength for the soft soil 
 
Ten-node tetrahedron elements were used to model the whole model. The total number 
of nodes (vertex plus side nodes) was approximately 104,000 and the total number of 
elements was about 72,000. The boundary conditions were, at the left and the right (x 
direction) and the front and the back (y direction) boundaries, the horizontal displacement 
was fixed but the vertical displacement was allowed. At the bottom boundary both the 
horizontal and vertical displacements were fixed. Both the ground surface and the bottom 
























OCR = 4 ( Clay layer 1)
OCR = 1. 3 (Clay layer 2)




(3) Comparison of measured and simulated results 
 
(a) Lateral displacements 
For Case 3, comparison of measured and simulated lateral displacement profiles under 
the toe of the embankment is shown in Fig. 3.3. It can be seen that at lower embankment 
load (Pe = 42.2 kN/m
2
), the simulated values are smaller than the measured data while at 
higher embankment load (Pe = 63.8 kN/m
2
), the simulation matched the measurement well. 
The exact reason for the discrepancy under Pe = 42.2 kN/m
2
 is not clear yet. It may be due 
to the soft soil model adopted over-predicted the strength of the model ground under plane 
strain extension condition. 
 
Fig. 3.3 Lateral displacement profiles (Case 3) 
 
(b) Settlements 
The comparison of the measured and simulated settlements for Case 3 is given in Fig. 
3.4. Kitazume and Maruyama (2005) only mentioned that the settlements were measured 
beside the rearmost column from the toe of the embankment at the side toward the center 
of the embankment. The simulated settlements are for a point 20 mm away from the edge 
of the corresponding column. The simulated results underpredicted the settlement in the 
earlier stage and overpredicted in the latter stage of loading. Although the exact reason is 
not clear yet, considering no information about precise measurement point, it is considered 




















 Measured Pe = 63.8 kN/m
2
 Measured Pe = 42.2 kN/m
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 FEA Pe = 63.8 kN/m
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Fig. 3.4 Settlement profiles (Case 3) 
 
(c) Bending moments 
In 3D FEA, the bending moments in a column were calculated using the stress 
distributions in the cross-section of the column. The stresses at the edges of the cross-
section were obtained by linear extrapolation of the stresses at the integration points of the 
elements (Chai et al. 2014). The measured and simulated bending moments are compared 
in Fig. 3.5. Considering a cross-section with an upward normal, the anti-clockwise moment 
is defined as positive. The simulated bending moments agree reasonably well with the 
measurements. An acrylic pipe has a very high strength and no breaking failure took place 
in the pipe. However, for an ordinary DCM column, the tensile strength of about 100 
kN/m
2
 can be estimated (1/10 of unconfined compressive strength of about 1,000 kN/m
2
) 
(Igaya et al. 2012). For the model test condition with a bending moment of about 1.03 N-m, 
the bending induced maximum tensile stress will be about 1332 kN/m
2
. This indicates that 
if using ordinary DCM column, under the same stress conditions, the column would be 
failed by bending.  
From the above comparison of measured and simulated lateral displacements, 
settlements and bending moments it can be said that 3D FEA simulated the model test 







Fig. 3.5 Bending moment distribution (Case 3) 
 
3.2.2 By Field case 
 
A full scale test embankment on DCM floating columns constructed in Saga plain (Chai 
et al. 2015) was modeled by 2D and 3D FEM.  
 
(1) Description of the field case test embankment 
 
Figure 3.6 (after Igaya et al. 2011) shows the location of the test embankment 
constructed in the year 2010 in Saga Plain, Saga Prefecture, Japan. A deposit of soft Ariake 
clay characterized by its high compressibility and low strength (Miura 1998; Hino 2012), 
exists along the route of the highway, with a thickness of 10 to 30 m. Below this soft clay 
layer there is an aquifer (a sand layer). At the test site, floating soil–cement columns were 
constructed for the improvement of the deposit. The columns had a diameter of about 1.2 
m and a length of 8.5 m. They were arranged in a square pattern with a center-to-center 




Fig. 3.6 The location of the trial embankment (Igaya et al. 2011) 
 
The test embankment had a fill thickness of 6.5 m at its center. The base dimensions 
(length × width) of the embankment were 55.0 m × 33.6 m and the plan dimensions of the 
top of the embankment were 33.4 m × 12.0 m. Considering the estimated settlement of the 
ground surface at the center of the embankment of about 0.5 m, the resulting side-slope of 
the embankment was about 1:1.8 (V:H). Decomposed granite was used as fill material, and 
the average filling rate was about 0.06 m/day. A cross-section of the embankment and 
some of the key instrumentation points for measuring settlements (Ss1 to Ss5, S0 to S6), 
lateral displacements and pore water pressures (P1, P2 and P3) are shown in Fig. 3.7 (Igaya 
et al. 2011).  
 




(2) Numerical modeling of the test embankment 
 
The test embankment was simulated by plane strain (2D) and 3D FEA. A total of 5 
cases were analyzed, as listed in Table 3.3. Plaxis 2D V. 8.2 and Plaxis 3D (2013 version) 
were used for conducting the 2D and 3D simulations, respectively. 
 
Table 3.3 Cases for Saga embankment 
 
In 2D analyses the DCM columns were modeled by continuous plane strain walls, 
assuming either equal values of EA (2D-3 in Table 3.3), or equal values of EI (2D-1 and 
2D-2). In the analysis, the center-to-center spacing between two adjacent walls was kept as 
1.9 m. In order to maintain the same area improvement ratio, the adopted thickness of the 
wall was 0.59 m, and in those cases for which equal values of EI were assumed, the value 
of E of the column was set as 3.3 times of the value of E estimated for the field columns. 
The constitutive models adopted were same as those mentioned in Section 3.2.1 (2). The 
finite element mesh and the boundary conditions adopted are illustrated in Fig. 3.8 for 2D. 
Figure 3.9 shows the geometry of the 3D model of this test embankment. 
 
Fig. 3.8 2D finite element mesh and boundary conditions 
 
Cases Equal EA or EI option Poisson’s ratio of 
embankment 
Remark 
2D 2D-1 EI 0.3 Plane strain 
 2D-2 EI 0.4 
 2D-3 EA 0.4 
3D 3D-1 – 0.4 True 3D 
 3D-2 – 0.4 Macro plane strain 
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In 3D analyses, the side length of cross-section of square column, under the condition of 
equal axial stiffness (EA) results in B = 1.06 m, and the equal bending stiffness (EI) 
condition gives B = 1.05 m. As these values are almost the same, B = 1.05 m was adopted 
in the 3D modeling. In the case 3D-2 (Table 3.3), only a plane strain strip containing three 
(3) rows of columns was modeled. The model parameter values deduced from the 
laboratory testing are listed in Table 3.4. The properties of the embankment fill material are 
also given in Table 3.4. 
 
Fig. 3.9 3D model of the test embankment 
 
(3) Measured and simulated results 
 
(a) Lateral displacements 
Lateral displacement profiles under the toe of the embankment (for the 3D-1 analysis, 
under point A in Fig. 3.9) are compared in Fig. 3.10. Two inclinometer casings were 
installed in the field, one inside the column under the toe (I1 in Fig. 3.7) and another in the 
soft soil at the right side (away from the embankment centerline) of the instrumented 
column (I2 in Fig. 3.7). At 559 days of elapsed time, the 3D analyses resulted in 
simulations close to the field data, while the 2D analyses over predicted the lateral 
displacements (Fig. 3.10). 
 
(b) Settlements 
Settlements at the measuring point Ss2 (Fig. 3.7) are compared in Fig. 3.11. The 2D-2 
case (equal EI option) resulted in slightly smaller settlements than 2D-3 (equal EA option), 
but practically the difference is not significant. Both the 3D-1 and the 3D-2 analysis 
yielded smaller settlement than the 2D analyses. The results in Fig. 3.11 also indicate that 
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the presence of the columns not only reduced the total settlement, but also increased the 
rate of consolidation of the deposit. Most of the final settlement occurred before about 
250 days of elapsed time. For an embankment on a natural (unimproved) deposit at a site 
near to this test embankment, the settlement continuously developed for several 
years (Chai et al. 2012). 
 
Fig. 3.10 Lateral displacement profiles 
 




Table 3.4 Values of model parameters of Saga embankment 














0.0–1.5 Surface layer – 0.15 0.025 0.25 1.5 16 6 9.1 
1.5–4.0 Soft clay-1 – 0.15 0.087 0.87 3.1 13.4 4.4 6.6 
4.0–6.0 Soft clay-2 – 0.15 0.087 0.87 2.81 14 5.3 7.9 
6.0–8.0 Soft clay-3 – 0.15 0.058 0.58 2.58 14.1 5.6 8.4 
8.0–9.5 Soft clay-4 – 0.15 0.043 0.43 2.49 14.3 4.6 6.9 
9.5–11.2 Stiff clay – 0.15 0.015 0.15 1.1 18 25 25 
11.2–13.0 Sand 25000 0.1 (35) (20) 0.8 18 250 250 
13.0–15.3 Stiff clay – 0.15 0.012 0.12 0.8 18 25 25 
15.3–17.2 Sand 25000 0.1 (35) (20) 0.8 19 250 250 
17.2–18.3 Stiff clay – 0.15 0.012 0.12 0.7 19 25 25 
18.3–35.0 Sand 20000 0.1 (35) (20) 0.7 19 250 250 
 Embankment 1000 0.3-0.4 (35) (20) – 19 – – 
                Note:  = unit weight; ν = Poisson’s ratio; E= elastic modulus; c’= cohesion; ϕ' = friction angle; λ = slope of consolidation line  





From the above comparison of simulated and measured lateral displacements, 
settlements and bending moments (model tests), it is concluded that the numerical method 
predicted the behavior of both the model test and the field test embankment well. Then the 
validated numerical procedure will be used to conduct further numerical investigations on 
the factors affecting the bending moment in DCM columns. 
 
3.3 Numerical investigations 
 
3.3.1 Centrifuge model test conditions 
 
(1) Conditions assumed 
 
The parametric study was conducted referencing the condition of the centrifuge model 
test (Fig. 2.10). The geometry of the model, the physical and mechanical properties of the 
model ground, and the loading procedure have been modeled similar to the previous 
numerical model (Fig. 3.2). The gravity force was 50g and the converted width of the 
column under the equal EI condition was 16.7 mm, which is the same as previous cross-
section adopted.  The stiffness and the length of the column were varied, the height of the 
embankment was varied and the improvement area was varied too. The parameters of the 
model ground can be referred to Table 3.1. The geometric properties and modulus of the 
columns can be referred to Table 3.2. The constitutive models adopted were the same as 
the previous numerical analysis (Section 3.2.1(2)). Hence, extensive numerical 
investigations are carried out to understand the factors influencing the bending failure of 
the column. 
 
(2) Cases investigated 
 
The cases analyzed are listed in Table 3.5. In the table, Case 2a, Case 3a, Case 4a were 
simulated using geometry condition of the model tests, but the modulus of the column 
adopted was the value of the soil-cement column (but actually it was acrylic pipe). In this 
way a realistic bending moment and therefore tensile stress in the column can be 
investigated. Case N1 and Case N2, are assumed for investigating the effect of the 
improved area (N1) and the length of the column (N2). The plan view of the arrangements 
of the columns for all cases is shown in Fig. 3.12. 
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Table 3.5 Cases analyzed  













Case 3 End Bearing 1000 5 × 6 10 6 
Case 2a End Bearing 62.6 3 × 6 10 6 
Case 3a End Bearing 62.6 5 × 6 10 6 
Case 4a End Bearing 62.6 7 × 6 10 6 
Case N1a End Bearing 62.6 12 × 6 10 6 
Case N1b End Bearing 62.6 12 × 6 10 4.5 
Case N2 Floating 62.6 3 × 6 9.5 4.5 
Note: Length of columns and Height of embankment are in prototype scale.  
 
(a) Case 2a & Case N2 
 
(b) Case 3 & Case 3a 
 
(c) Case 4a 
 
(d) Case N1a & Case N1b 




 (3) Results  
 
The simulated results are analyzed in terms of lateral displacements and bending 
moment of the DCM columns located at different locations below the embankment. The 
simulated results are as follows. 
 
(a) Lateral displacements of columns 
 
(i) Effect of the size of the improved area. 
Figure 3.13 shows the influence of the improvement area on the lateral displacement of 
the column No. 1d (see Fig. 3.12 for location) under the toe of the embankment. The height 
of the embankment is 6.0 m (Pe = 84 kN/m
2
). For Case 2a with three rows of columns 
(each row six columns), the maximum lateral displacement is about 52 mm, for Case 3a it 
is about 50.5 mm, and for Case 4a it is about 48 mm. The lateral displacement reduced 
with the increase of the improvement area under the toe of the embankment.  
 
Fig. 3.13 Effect of improvement rate on lateral displacement 
 
(ii) Effect of the stiffness of the column (E). 
Increasing Young’s modulus of the column, E, from 62.6 MN/m2 to 1000 MN/m2 has an 
obvious effect on the lateral displacement of the columns as the maximum value reduced 
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 FEA Case 3a
 FEA Case 4a
















Fig. 3.14 Effect of stiffness on lateral displacement 
 
(b) Bending moment in the column 
 
(i) Effect of the size of the improved area. 
Figure 3.15 shows the simulated bending moments in the column No. 1d of Cases 2a, 3a 
and 4a. For the bending moment in the upper part of the column, increasing the size of the 
improvement reduced the absolute maximum bending moment. At the end of the column, 
the positive bending moment is about the same. The maximum positive bending moment 
induced tensile stress is about 920 kN/m
2
 for the 3 cases, but the absolute negative bending 




 and 124 kN/m
2
 for 
Cases 2a, 3a, 4a, respectively. All of them are larger than 100 kN/m
2
 (assumed tensile 
strength of soil-cement columns) which indicates all the cases will fail by bending failure 
under a field condition. 
 
(ii) Effect of the stiffness of the column (E).  
The results of FEA indicate that under the model test condition, for the column with E 
value of 1000 MN/m
2
, the maximum moment is about 1.03 N-m and E value of 62.6 
MN/m
2
 of about 0.61 N-m (Fig. 3.16). Therefore increase the stiffness of the column 
increases the maximum bending moment. However at the location near the ground surface 




















 FEA Case 3 , E = 1000 MN/m
2





Fig. 3.15 Effect of improvement rate on bending moment 
 
Fig. 3.16 Effect of stiffness on bending moment 
 
(iii) Effect of embankment height (H)  
Figure 3.17 compares bending moment in the column No. 1d to 7d from Case N1a and 
Case N1b. For the conditions considered reducing the embankment height from 6.0 m (Pe 
= 84 kN/m
2
) to 4.5 m (Pe = 63 kN/m
2
) reduced maximum bending moment in the column 
1d and 3d significantly. When the height of the embankment is 6.0 m, the bending induced 
maximum tensile stress is about 252.49 kN/m
2
 for 1d and 246 kN/m
2
 for 3d while for the 
height of 4.5 m, the corresponding value is about 48.31 kN/m
2
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3d which is less than 100 kN/m
2
 of the assumed tensile strength and the embankment can 
be safely built under the field condition with a factor of safety for a bending failure of 
about 2.0. In this case, the load under the center of the embankment is about 13 times of 
the undrained shear strength of the upper layer of the soft model ground.  
 
Fig. 3.17 Effect of embankment loading on bending moment 
 
(iv) Effect of length of column (L). 
For end bearing columns (embedded into stiff sand layer), the simulated maximum 
bending moment occurs near the end of the column. It is considered that if columns are 
floated in the soft soil, the moment at the end can be reduced, and also it can reduce the 
cost of construction. Figure 3.18 compares the bending moments of the end bearing and 
floating columns. When the column is floated the bending moment at the end of the 
column is much smaller than that of the end bearing case. However, the negative bending 
moment in the upper part of the floated column is higher.  
 




3.3.2 Full scale embankment conditions 
 
(1) Conditions assumed 
 
The fully scale numerical investigation was conducted with a plane strain type 3D full 
scale embankment. Plane strain displacement boundary condition contains 3 rows of 
explicitly modeled columns, i.e. behavior of columns in 3D. The cross-section of the 
embankment and plan layout of the DCM columns are summarized in Figs. 3.19-3.21. In 
Fig. 3.19 for a 4 m height embankment there are 14 columns in each row of DCM columns. 
The numbers of columns are the same for the end bearing and floating DCM columns. 
The top width of the embankment was fixed as 12 m and the side slope was fixed as 
1V:1.8H, then the height of the embankment was varied from 4 m to 8 m. The area 
improvement ratio (α) of DCM columns for the 4 m and 8 m height embankment were 
fixed as 30% which gives the spacing of the columns as 1.94 m, with the diameter of the 






                                                                                                      (3.1) 
where D = diameter of the column; S = spacing of the column; α = area improvement ratio. 
Then to investigate the effect of α for the 6 m height embankment, the area 
improvement ratio (α) was varied from α1 =30% , α2= 25%, α3= 20%, α4= 15% and α5 
=10%  and the spacing’s were S1= 1.94 m, S2= 2.13 m, S3= 2.38 m, S4= 2.75 m and S5= 
3.36 m as shown in Fig. 3.21. 
The actual column is a cylinder, but for ease of mesh generation it was modeled as a 
prismatic column with square cross sectional area and a side width of B. Considering the 
condition of  equal bending stiffness (EI) condition which gives B = 1.05 m was adopted in 
the 3D modeling. The geometry of the 3D model indicating soil layers for an 8 m height 
embankment with area improvement ratio (30%) is shown in Fig. 3.22. The soil layers for 
all the numerical models are the same except for cases designed to investigate the effect of 
the thickness of soft soil layer. 
 The soil models adopted are the same as for simulating centrifuge model test cases. The 
adopted values of model parameters are shown in Table 3.6.  The basic soil profile layer 
has a thickness of soft soil layer of 10 m. For the cases, the thickness of soft soil layers less 
than 10 m, the corresponding soil layers have been changed to sand layers. And for the 
cases with soft soil layers more than 10 m, soft soil layers have been added below 10 m 
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depths. In adding the soft soil layers, the phenomenon of natural soft soil deposit of 
strength increases, compressibility reduces with depth has been considered. 
The boundary conditions were, at the left and the right (x direction) and the front and 
the back (y direction) boundaries, the horizontal displacement was fixed but the vertical 
displacement was allowed. At the bottom boundary both the horizontal and vertical 
displacements were fixed. Both the ground surface and the bottom boundary (sand layer) 









Fig. 3.20 Plan of DCM columns and cross-section of a 8 m height embankment 
 
α = 30%, S =1.94 m 














Table 3.6 Model parameters for full scale embankment 
 
Note:  = unit weight; ν = Poisson’s ratio; E= elastic modulus; c’= cohesion; ϕ' = friction angle; λ = slope of consolidation line in e-ln(p’) plot (e is 
voids ratio and p’ is effective mean stress); κ = slope of rebound line in e-ln(p’) plot 
Depth 
(m) 

















0.0–0.5 Surface layer1a – 0.15 0.0435 0.435 1.0 1.64 1.61 16.0 6.0 9.0 
0.5–1.0 Surface layer1b – 0.15 0.0435 0.435 1.0 1.64 1.61 16.0 6.0 9.0 
1.0–1.5 Surface layer1c – 0.15 0.0652 0.652 1.5 1.64 1.61 16.0 6.0 9.0 
1.5-2.0 Surface layer1d – 0.15 0.0652 0.652 1.5 1.64 1.61 16.0 6.0 9.0 
2.0–5.0 Soft clay-2 – 0.15 0.087 0.87 2.0 1.64 2.86 14.0 4.4 6.6 
5.0–7.0 Soft clay-3a – 0.15 0.0652 0.652 1.5 1.64 2.45 14.5 5.6 8.4 
7.0–8.0 Soft clay-3b – 0.15 0.0521 0.521 1.2 1.64 2.45 14.5 5.6 8.4 
8.0–9.0 Soft clay-4a – 0.15 0.0434 0.434 1.0 1.64 2.12 15.0 5.6 8.4 
9.0–10.0 Soft clay-4b – 0.15 0.0347 0.347 0.8 1.64 2.12 15.0 5.6 8.4 
10.0–35.0 Sand 40,000 0.10 (35) (20) – – 0.76 19.0 2500 2500 
 Embankment 3000 0.45 (35) (20) – – 0.5 19.0 – – 
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In the FEA, the DCM columns were represented by a linear elastic model. The adopted 
parameter values for DCM columns are E = 100,000 kN/m
2
; and ν = 0.15. In Table 3.6 the 
values of κ were assumed as 0.1λ, and the values of Poisson’s ratio, ν was assumed as 0.15. 
The values of kh were set as 1.5 times the corresponding value of kv (Chai et al.2015). The 
values of kv and kh listed in Table 3.6 are initial values, and during consolidation they were 
allowed to vary with void ratio e, according to Taylor equation where change in 
permeability (ck), ck = 0.5 e0.  
Fig. 3.23 shows the mesh of the 3D model. The total number of nodes (vertex plus side 
nodes) was approximately 182,000 and the total number of elements was about 127,000. 
Plaxis 3D (2013 version) was used for numerical simulation. 
 
Fig. 3.23 Mesh of the 3D model 
 
(2) Cases investigated 
 
The cases investigated for the end bearing columns and the floating columns are 
summarized in Tables 3.7 - 3.8. The factors influencing the bending failure of DCM 
columns such as length of column, area improvement ratio, stiffness, cohesion were varied.  
In the Table 3.7, for the end bearing DCM columns the cases S.N. 1-13, the length of the 
column (L) was fixed as 10 m, then the area improvement ratio (α) as 10%, 15%, 20%, 
 45 
 
25%, 30%; stiffness of the model ground (λ) as 100%, 50%, 25% of the values listed in 
Table 3.6. The 100%, 50%, 25% of the value of λ in Table 3.6 have been designated as 







. While the cases from S.N. 14-17, the length of the column (L) 
was varied from 6 m to 20 m and other factors (α; λ; c’) were fixed. Similarly, in Table 3.8 
for the floating DCM columns the cases from S.N. 1-13, the length of the column (L) was 
fixed as 9 m, then the area improvement ratio (α), stiffness of the model ground (λ), 
cohesion (c’) were varied respectively. While the cases from S.N. 14-19, the length of the 
column (L) was varied from 8 m to 9.5 m, cohesion (c’) was varied from 5 to 15 kN/m2 and 
other factors (α; λ) were fixed.  
Thus the effect of area improvement ratio (α) and depth improvement ratio (β) which 
are commonly used to describe the relative improvement of the soft ground by the DCM 
columns are investigated (Chai and Carter 2011). 
cA
A
                                                                                                         (3.2) 
LH
H
                                                                                                          (3.3) 
where A = the total cross-sectional area of the zone improved by a single column; Ac = the 
cross-sectional area of a column; H = the thickness of the soft clayey deposit, and HL = the 
length of columns. 
 
(3)  Results and discussions 
 
(i) Effect of area improvement ratio (α) 
Five different numerical models with different area improvement ratio (α=0.3;0.25; 0.2; 
0.15 and 0.1) for an embankment with a height H= 6.0 m, cohesion of the ground, c’=5 
kN/m
2
, column length, L= 10.0 m, were simulated and the results are plotted in terms of 
maximum bending moments (Mmax) vs. area improvement ratio (α) in Fig. 3.24. In Fig. 
3.25, the results are plotted in terms of Mmax vs. α when the length of the columns were 9.0 
m, i.e. floating condition. The results can be simulated by the following power equations. 
Mmax = 7.1 α
-0.82     
(end bearing; α=0.1-0.3, Mmax in kN-m)                     (3.4) 
Mmax = 9.34 α
-0.75 






(ii) Effect of length of the column for the end bearing case (L) 
When the length of the end bearing column is varied to L1 = 6 m, L2 = 8 m, L3 = 10 m, 
L4 = 14 m and L5 = 20 m, thickness of the soft layer is varied, provided that all the column 
rests on the sand layer, the difference in the induced maximum bending moments in these 
columns are compared in Fig. 3.26. The corresponding maximum bending moments for 6 
m, 8 m, 10 m , 14 m and 20 m are 20.2 kN-m, 19.0 kN-m, 19.6 kN-m, 20.4 kN-m and 19.7 









 and 116.1 kN/m
2
. However the difference is small. Considering the tensile strength 
of the column of 100 kN/m
2
, for all cases, the tensile stresses exceed the tensile strength. 
 
Table 3.7 Cases investigated for end bearing columns  
S.N. Height of 
embankment 
(m) 
Thickness of  












1 4 10.0 0.30 High 0, 5, 10, 15 
2 6 10.0 0.30 High 0, 5, 10, 15 
3 8 10.0 0.30 High 0, 5, 10, 15 
4 4 10.0 0.30 Middle 0, 5, 10 
5 6 10.0 0.30 Middle 0, 5, 10, 15 
6 8 10.0 0.30 Middle 0, 5, 10, 15 
7 4 10.0 0.30 Low 0, 5 
8 6 10.0 0.30 Low 0, 5, 10, 15 
9 8 10.0 0.30 Low 0, 5, 10, 15 
10 6 10.0 0.25 High 5 
11 6 10.0 0.20 High 5 
12 6 10.0 0.15 High 5 
13 6 10.0 0.10 High 5 
14 6 6.0 0.30 High 5 
15 6 8.0 0.30 High 5 
16 6 14.0 0.30 High 5 







Table 3.8 Cases with floating columns  



















1 4 10.0 9.0 0.30 High 0, 5, 10, 15 
2 6 10.0 9.0 0.30 High 0, 5, 10, 15 
3 8 10.0 9.0 0.30 High 0, 5, 10, 15 
4 4 10.0 9.0 0.30 Middle 0, 5, 10 
5 6 10.0 9.0 0.30 Middle 0, 5, 10, 15 
6 8 10.0 9.0 0.30 Middle 0, 5, 10, 15 
7 4 10.0 9.0 0.30 Low 0, 5 
8 6 10.0 9.0 0.30 Low 0, 5, 10, 15 
9 8 10.0 9.0 0.30 Low 0, 5, 10, 15 
10 6 10.0 9.0 0.25 High 5 
11 6 10.0 9.0 0.20 High 5 
12 6 10.0 9.0 0.15 High 5 
13 6 10.0 9.0 0.10 High 5 
14 4 10.0 8.0 0.30 High 0, 5, 10, 15 
15 4 10.0 9.5 0.30 High 0, 5, 10, 15 
16 6 10.0 8.0 0.30 High 0, 5, 10, 15 
17 6 10.0 9.5 0.30 High 0, 5, 10, 15 
18 8 10.0 8.0 0.30 High 0, 5, 10, 15 
19 8 10.0 9.5 0.30 High 0, 5, 10, 15 
 
Fig. 3.24 Mmax - α relationships for end bearing columns 

































) End bearing columns




Fig. 3.25 Mmax - α relationships for floating columns 
 
(iii) Effect of length for the floating columns (β) 
For a soft clayey deposit of 10 m, when the length of the floating columns is varied as 8 
m, 9 m and 9.5 m, the difference in maximum bending moment is compared for them in 
Fig. 3.27. The scenario for the floating columns is quite different from the end bearing 
columns. The length of the floating columns is shorter; the maximum bending moment is 
larger. The corresponding maximum bending moments for 8.0 m, 9.0 m and 9.5 m floating 





 and 129.7 kN/m
2
 respectively. For all three cases, the tensile 




(iv) Effect of the stiffness of the ground (λ) 
In Fig. 3.28 the effect of the different stiffness of the ground on the bending moment of 
the end bearing columns is shown. The maximum bending moment reduced with the 
increase in the stiffness of the ground. Similarly, the same pattern of reduction in bending 
moment is seen in Fig. 3.29 for the floating column cases.  
 
(v) Effect of undrained shear strength of the ground (su) 
In the numerical simulations, the difference on the undrained shear strength is 
considered by varying the value of cohesion of the soft clayey soil layers. In Figs. 3.30 and 
3.31 the effect of difference of cohesion value on the bending moment of the end bearing 
and the floating columns are plotted. It is seen from the graphs that increase in cohesion of 
the ground; reduce the maximum bending moment in the DCM columns.  







































Fig. 3.26 Effect of length of end bearing columns on bending moment 
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Fig. 3.28 Effect of stiffness of the ground on bending moment of end bearing columns 
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Fig. 3.30 Effect of undrained shear strength of the ground on bending moment of end 
bearing columns 
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(vi) Effect of diameter of the column (D) 
In Fig. 3.32 the effect of the different diameter of the columns on the bending moment 
of the end bearing type is shown. The maximum bending moment reduced with the 
decrease in the diameter of the column. 
 
Fig. 3.32 Effect of diameter of the column on bending moment of floating columns 
 
However, Mmax /EI is about the same for different diameter of DCM columns.  
In moment-area theory: 
M E
I R
                                                                                                      (3.6) 
where R = radius of curvature of a beam; I = moment of inertia of the beam cross-section; 
E = Young’s modulus; M = bending moment on the beam cross-section; Mmax = maximum 




 , means about the same R, i.e. under the same area improvement ratio (α), 
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(vii) Deformation pattern of the end bearing columns and the floating columns 
 
The difference on the undrained shear strength is considered by varying the value of 
cohesion of the soft clayey soil layers. In Figs. 3.33 and 3.34 the effect of difference of 
cohesion value on the lateral deformation of the end bearing and the floating columns are 
plotted. It is seen from the graphs that increase in cohesion of the ground reduce the lateral 
displacement in the DCM columns. In Fig. 3.35 the lateral displacement of the end bearing 
and floating columns are compared. The floating columns are not restrained at the base. So 
at the base, the bending moment in the floating columns are low, while they have high 
bending moment at the upper part of the column. Because of the high lateral displacement 
at the bottom of the floating column with sharp curvature around the middle part of the 
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Embankments on DCM column improved soft ground (centrifuge model tests and full 
scale field test ) were simulated by three dimensional (3D) and two dimensional (2D) finite 
element analysis (FEA) and the simulated results have been compared with the 
measurements in terms of lateral displacements, settlements and bending moments in the 
column. It shows that the simulated results agreed well with the measured data, and then 
the effectiveness of the numerical procedure has been verified.  
Then further numerical investigations for the models similar to the centrifuge model test 
as well as full scale field tests were conducted on factors affecting the bending moment in 
the column. Other factors such as length columns (L), diameter of the column (D), area 
improvement ratio (α), and the area improved by the columns, stiffness of the model 
ground (), undrained shear strength of the model ground (su) were studied. Further the 
deformation behavior of the end bearing columns and the floating columns were studied 
too.    
From the observation of the simulated results it is understood that all above mentioned 
factors have an effect on the induced bending moments in the column. A design method 
considering the above mentioned factors will be presented in the next chapter. 









For embankments on soft soils improved by deep cement mixing (DCM) columns, 
current design practice uses shear strength of the composite system and considers 
settlement, bearing capacity and slope stability as important design issues. However, 
recently several researchers reported the bending failure of the columns.  
A series of numerical simulations (more than 100 of finite element analyses) were 
conducted and the results have been presented in Chapter 3. It has been understood that the 
main factors affecting the bending failure of the columns are the height of the embankment 
(H), length of the column (L), diameter of the column (D), improved area, area 
improvement ratio (α), undrained shear strength (su) and compressibility of the soft ground. 
Even though bending failure is crucial for the stability of the embankment on DCM 
columns improved ground, up to date, there is no method for predicting the bending failure 
considering all the above mentioned influencing factors. In this chapter, considering the 
effects of the above mentioned main influencing factors, a method is proposed for 
predicting the maximum bending moment in the column located under the toe of the 




To predict the maximum bending moment (Mmax) in DCM column, the factors 
considered are: (1) embankment load (pem), (2) undrained shear strength (su) and stiffness 
of soft ground, (3) area improvement ratio of DCM column (α) and (4) the diameter of 
DCM column (D) and the length of the column.  
 
4.2.1 Key parameters 
 
(1) Load / strength ratio (Pn) 
 
Since the effects of maximum embankment load (pem) and undrained shear strength (su) 







                                                                                                     (4.1) 
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Generally, larger the Pn, larger the bending moment in the DCM column. 
 
(2) Normalized maximum bending moment (Mn)  
 
A dimensionless normalized maximum bending moment (Mn) has been introduced. α, D, 
su and pem need to be included into the expression of Mn. As for the effect of area 
improvement ratio (α), the larger the α, the smaller the maximum bending moment (Mmax). 
Further practically, for a given value of α, it can be resulted in either with a large number 
of smaller diameter (D) DCM columns or with a small number of larger diameter (D) 
DCM columns. Therefore, both the effect of α and D needs to be considered. Conceptually, 
Mn = f (Mmax, α, D, Pn )                                                                             (4.2) 
The precise expression for Mn will be present in next section. 
 
(3) Effect of stiffness index (Ir) 
 
Stiffness of the soft ground and the DCM column will influence the Mmax in DCM 
column also. While since the stiffness of DCM column is normally much higher than that 
of soft soil, the Mmax is more sensitive to the stiffness of soft soil. Stiffness index (Ir) is 
selected to represent the effect of the stiffness of the soft soil. Stiffness Index (Ir) is a 
parameter defined by both the undrained shear strength of the ground (su) and stiffness of 














                                                                                                 (4.4) 
where G = Shear modulus of soil; E50 = Secant modulus of soil; ν = Poisson’s ratio of soil. 
 
4.2.2 Location of DCM columns to be considered 
 
Based on finite element analysis (FEA) results, the maximum bending moment occurs 
in the columns under the toe of an embankment, i.e. the most outer row of the columns. 
Therefore in interpreting FEA results, the maximum bending moment is calculated for the 





4.2.3 Representative values of undrained shear strength (su) and stiffness index (Ir) 
 
For a natural clayey deposit, the values of su vary with depth. To propose a design 
method, a representative value needs to be defined. Only considering the average or 
minimum value of su may not represent the actual effect of su distribution. For a natural 
deposit, normally su is higher in the crust layer. Then it decreases to a minimum value in a 
soil layer below the crust layer, and then increase with the increase of the depth. Suppose 
the two different grounds have different profiles of su as illustrated in Fig. 4.1, and suppose 
the average value of su (su avg) are the same. It is obvious that the effect of su is different for 
the two cases. Using the minimum value of su (su min) is not a suitable choice either. 
It is considered that a parameter represents both the effects of average and the minimum 
value of su, designated as sua, needs to be introduced. In this study sua is defined as: 
0.5
   (   )ua u avg u mins s s                                                                               (4.5) 
Similarly, the representative stiffness index (Ira) is calculated as:  
0.5
   ( )ra r avg r minI I I                                                                                 (4.6) 
where the subscript “min” means minimum, “avg” means average. 
Another issue is the range of depth (location) to be adopted for calculating su avg and  
Ir avg. Considering that for many natural deposits, the thickness of the crust layer is 1 – 2 m 
and the minimum value of su occurs below the crust layer, it is proposed to use the average 
values of a zone (range) from 2 m above to 2 m below the minimum value of su.   
 
4.2.4 Methodology for predicting Mmax 
 
It is aimed to establish Pn –Mn relationships for different value of Ir.  
 
4.3 Numerical Investigation 
 
4.3.1 Assumed cases 
 
The cases investigated are summarized in Table 3.7 and Table 3.8 in Chapter 3 for the 






Fig. 4.1 Description of the condition of su in the ground 
 
4.3.2 Value of su 
 
Value of su of the assumed ground was calculated using soft soil model with the 
following steps: 
(1) First calculate the equivalent initial mean stress (p’e) with the initial vertical 
effective overburden pressure (’v), coefficient of lateral earth pressure ( oK ), effective 
cohesion (c’) and effective friction angle (ϕ’) of the soft subsoil. 










                                                                      (4.7) 
(2) With known vertical stress (’v), calculate the deviator stress (q).  
(1 ) 'v oq K                                                                                          (4.8) 






                                                                                                      (4.9) 
(4) With the equivalent initial mean stress (p’e), stress ratio (ηe), the slope of critical 
state line (CSL), M (in the soft soil model (Fig. 4.2), which is mainly a function of 
coefficient of at-rest earth pressure at normally consolidated state, 
nc
oK ), and the slope of 
Mohr-coulomb criteria in p’ – q plane (MMC), the equivalent mean stress on MMC line 















                                                                           (4.10) 
where Λ =1– κ/ λ; λ, κ = slopes of virgin compression and swelling lines in e – lnp’ plot (e 
is voids ratio and p’ is effective mean stress) respectively. 
(5) Then the equivalent over consolidation ratio (OCRe) is calculated as: 
















                                                           (4.11) 






s p OCR                                                                                                                        (4.12) 
 
Fig. 4.2 Yield surface of the soft soil model in p’-q plane 
 
Figure 4.3 shows the simulated values of su of the assumed soft ground. The minimum 
undrained shear strength occurs at the depth of 2.25 m. Su increased with the increase of 
cohesion. Considering the values of su in a range of 2.0 m above to 2.0 m below the depth 
of minimum undrained shear strength (su min), the representative undrained shear strength 
(sua ) has been calculated, i.e. for the data shown in Fig. 4.3, su avg were calculated as 
average undrained shear strength of the sub soft soil layers from depth 0.25 m to 4.25 m. 
Hence values of sua used in interpreting the results of FEA are summarized in Table 4.1.  
 











Fig. 4.3 Undrained shear strength of the assumed ground 
 
4.3.3 Stiffness index (Ir) 
 
The stiffness index (Ir) of the assumed ground is determined from the results of 
numerical triaxial test by Plaxis 3D. The numerical triaxial tests were conducted using 
PLAXIS 3D with stress conditions at different depths of the assumed ground. Then from 
the stress-strain curves obtained from the numerical triaxial tests, the secant modulus (E50) 
was calculated as illustrated in Fig. 4.4. This E50 is related to stiffness index (Ir) by 










                                                                                            (4.13) 
































 c'  = 0 kN/m
2
 c'  = 5 kN/m
2
 c'  = 10 kN/m
2




Fig. 4.5 shows the variation of stiffness index with depth for the assumed ground when 
the representative undrained shear strength of the ground, sua = 9.6 kN/m
2
 but with 
different compression index (high, middle and low). The representative stiffness indexes 
were also calculated for the depth from 0.25 m to 4.25 m, the same as for undrained shear 
strength. Figs. 4.6, 4.7 and 4.8 show the variation of Ir with depth for different condition. 
The summary of the representative stiffness index (Ira) used in interpreting the results of 
FEA is given in Table 4.2. 




High 9.6 -19.4 65.0 
Middle 9.6 -19.4 130.0 
Low 9.6 -19.4 255.0 
  
 
Fig. 4.4 E50 calculated at the 50% of the peak deviator stress 
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Fig. 4.6 Stiffness index of the ground at sua = 12.7 kN/m
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4.3.4 Effect of area improvement ratio (α) 
 
The numerical results for the effect of α were presented in Section 3.3.2 (3). For the 
cases investigated with end bearing condition, the relation between Mmax and α was 
obtained as (α= 0.1-0.3, Mmax in kN-m): 
  0.82  7.1    max endM 
                                                                        (3.4 bis) 
 
4.3.5 Effect of the thickness of soft deposit (Hs) 
 
The assumed basic soil profile has a thickness of soft soil layer of 10.0 m. For end 
bearing condition, five different numerical models (Table 3.7) with different thickness (Hs) 
of soft deposit (6.0 m, 8.0 m, 10.0 m, 14.0 m, 20.0 m) but with the same diameter of DCM 
column (D = 1.2 m), height of embankment (H = 6.0 m), cohesion of the ground (c’=5 
kN/m
2
) were analyzed and the results were plotted in Fig. 3.26 in Chapter 3. 
For the cases, the thickness of soft soil layers less than 10.0 m, the corresponding soil 
layers have been changed to sand layers. And for the cases with soft soil layers more than 
10.0 m, soft soil layers have been added below 10.0 m depths. The soft soil layers were 
added such that the compressibility of soft soil reduces with depth. The effect of the 
thickness of soft deposit (Hs) on the maximum bending moments (Mmax) on DCM column 
is summarized as follows (Table 4.3): 
 
Table 4.3 Effect of thickness of soft deposit on Mmax 
Thickness of soft soil, 
Hs (m) 
Length of end bearing 
column, L (m) 
Mmax 
(kN-m) 
6.0 6.0 20.2 
8.0 8.0 19.0 
10.0 10.0 19.6 
14.0 14.0 20.4 
20.0 20.0 19.7 
 
It can be seen that the difference in Mmax is small. Thus it can be concluded that the 
thickness of soft deposit does not have significant effect on the Mmax when the columns are 




4.3.6 Effect of diameter of the column (D) 
 
In moment area theory, the relation between bending moment (M), Young’s modulus (E), 
moment of inertia (I) and radius of curvature (R) of a beam cross-section is expressed as: 
M E
I R
                                                                                                 (3.6 bis) 
For the cases investigated, E was constant and Mmax/I was about the same for the different 
diameter of DCM columns (Section 3.3.2 (3)).Hence at about the same R, under the same 
area improvement ratio (α), curvature of the column was not significantly influenced by the 
diameter of the column. 
 
4.3.7 Expression for Mn 
 
Combining the numerical results about the effect of α and D, and further considering the 
following factors: 
(1) Mn should be dimensionless. 
(2) The exponential power on Pn in the expression of Mn, should result in a unique Pn 
versus Mn relationship for a given Ir value. 
Then by trial and error, expression for dimensionless normalized maximum bending 
moment, Mn has been proposed as:  
















                                                                          (4.15) 
where Mmax is the maximum bending moment, Do = 1.0 m (a constant), and pa is 
atmospheric pressure.  
 
4.3.8 Pn – Mn relationships 
 
The results of maximum bending moment (Mmax) from the numerical experiments of all 
the cases in Table 3.7 have been normalized using Eq. (4.15). The relationships of Pn-Mn 
are depicted in Figs. 4.9 – 4.10. From Figs. 4.9 – 4.10, it can be seen that Mn reduces with 
the increase of undrained shear strength (su) of the soft ground. Also, the value of Mn 
increased with the increase of Pn. While there is a reduction in the value of Mn with the 
increase of stiffness index (Ir). The similar tendency can be observed for both the end 




(a) Ir = 65.0 
 
(b) Ir = 130.0 
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(c) Ir = 255.0 
Fig. 4.9 Pn – Mn plot for end bearing columns 
 
(a) Ir = 65.0 
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(b) Ir = 130.0 
 
(c) Ir = 255.0 
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4.3.9   Floating column 
 
For floating column cases, instead of producing a new series of Pn-Mn relationships, 
effect of β on Mn has been investigated and β - (Mmax)float /(Mmax)end relationships have been 
introduced. Here (Mmax)float is the maximum bending moment in the floating column, and 
((Mmax)end ) is the maximum bending moment in the end bearing column. Fig. 4.11 shows 
β-(Mmax)float /(Mmax)end relationships.  It can be seen that for all cases considered, the ratio  
(Mmax)float /(Mmax)end is larger than 1.0, and with increase of β, the ratio (Mmax)float /(Mmax)end 
approaches to 1.0. This kind of behavior of the floating columns has been observed by 





(a) 4.0 m height embankment 






















   
Depth improvement ratio ( 
4 m height embankment
 sua  = 9.6 kN/m
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2
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(b) 6.0 m height embankment 
 
 
 (c) 8.0 m height embankment 
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4.4 Proposed design chart  
 
For end bearing cases, Pn – Mn curves for design are plotted in Fig. 4.12. There is a 
general trend of Mn increase with increase of Pn. It is considered that with the increase of 
Pn, shear stress in the soft soil increased and resulted in larger shear deformation.  
For calculating Mn, if the value of the embankment load, undrained shear strength of the 
ground is known, then from the known value of Pn, the vertical line can be drawn to 
intersect the corresponding curve of Ir, and then the straight horizontal line is drawn from 
the intersected point to the Mn axis to obtain the value of Mn. Then from the known value 
of Mn, the maximum bending moment can be calculated from the Eq. (4.15). 
 
Fig. 4.12 Pn – Mn relationship for the case of embankment load 
 
With some approximation, correction curves for converting the Mn of end bearing 
columns to the floating columns for different representative undrained shear strengths (sua) 
is proposed as shown in Fig. 4.13 for embankment load of 4 m, 6 m and 8 m height 
embankments. 
For the floating column with embankment height within 4.0 to 8.0 m, knowing the value 
of (Mmax)float /(Mmax)end from the β  – (Mmax)float /(Mmax)end relationship (Fig. 4.13), the Mn 
obtained from the Pn – Mn relationship (Fig. 4.12) can be mathematically converted for the 














                                                                     (4.16) 
Then from the known value of (Mn) float , the maximum bending moment in the floating 
columns can be calculated from the Eq. (4.15). 
 
(a) 4 m height embankment 
 
 




(c) 8 m height embankment 
Fig. 4.13 β  – (Mmax)float /(Mmax)end relationships for the case of embankment load 
 
4.5 Design procedure 
 
The main steps for using the proposed method in design are as follows: 
(1) Step 1: With known height of the embankment and the unit weight of the fill (t), the 
maximum embankment load (pem) can be calculated. 
em tp H                                                                                              (4.17) 
(2) Step 2: Estimate the representative undrained shear strength (sua) of the ground. 
With the variation of su with depth, the minimum undrained shear strength (su min), and the 
average undrained shear strength (su avg ) can be evaluated with the method described in 
Sections 4.2.3 and 4.3.2. Then the representative value of sua of the ground is calculated as: 
 
0.5
   (   )ua u avg u mins s s                                                                         (4.5 bis) 







                                                                                                (4.1 bis) 
(4) Step 4: Estimate the representative stiffness index (Ira) of the ground. First variation 
of Ir with depth of the ground should be estimated. Then calculate Ira using the procedure 
explained in Sections 4.2.3 and 4.3.3. 
0.5
   ( )ra r avg r minI I I                                                                            (4.6 bis) 
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(5) Step 5: Obtain Mn. with known value of Pn and Ira, Mn can be obtained from the 
design curves of Pn – Mn.  In case of floating column with embankment height within 6 to 
8 m, calculate depth improvement ratio, β, and correct Mn using the value of β and the 












                                                                          (4.18) 
where Do =1.0 m. 





                                                                                               (4.19) 
where σt = tensile stress in the column; Mmax = maximum bending moment in the column;  
y = distance from the neutral axis for moment to the point considered; I = moment of 
inertia of the cross-section of a column.  If the tensile stress predicted is greater than the 
tensile strength of the DCM column, the DCM column will fail by bending.  
The tensile strength of an ordinary DCM column can be estimated as 1/10 of the 
compressive strength. For example if the DCM columns have compressive strength of 
1000 kN/m
2
, then the tensile strength will be about 100 kN/m
2
. If σt > 100 kN/m
2
, it means 
bending failure. 
 
4.6 Applicability ranges of the proposed method 
 
The applicability ranges of the proposed method are defined in two parameters: 
(1) Ratio between the embankment load (pem) and representative undrained shear strength 
of the ground (sua), Pn = pem/sua : 
5  pem/sua   16, 
 and (2) stiffness index (Ir): 




Based on the results of numerical investigations of more than 100 assumed cases, a 
design method has been proposed for predicting the maximum bending moment (Mmax) in 
deep cement mixing (DCM) columns located under the toe of an embankment. The main 
influencing factors for the maximum moment in DCM column considered are: (1) 
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undrained shear strength (su), (2) stiffness index (Ir) of soft ground, (3) embankment load 
(pem), (4) area improvement ratio (α) and depth improvement ratio (β), and (5) diameter (D) 
of a DCM column. 
Three key synthetic parameters introduced are: 
(1) Load/strength ratio: Pn = pem/su 
(2) Normalized dimensionless maximum bending moment, Mn, which is a function of 
maximum bending moment in the columns under the toe of an embankment, Mmax, area 
improvement ratio, α, diameter of the DCM column, D, undrained shear strength of the 
deposit, su (Eq. 4.15). 
(3) Maximum bending moment ratio between floating column case and end bearing case, 
(Mmax)float /(Mmax)end, where (Mmax)float is the maximum bending moment in the floating 
column and (Mmax)end is the maximum bending moment in the end bearing column. 
Design curves in the forms of Pn – Mn (Fig. 4.12) and β  – (Mmax)float /(Mmax)end (Fig. 4.13) 
have been established. The bending failure is judged by comparing the calculated 





                                                                 CHAPTER 5 




In Chapter 4, a design method has been proposed for predicting the maximum bending 
moment in deep cement mixing (DCM) columns under the toe of an embankment. In this 
chapter, centrifuge model tests and field cases are collected from literature to validate the 
proposed method. 
 
5.2 Using reported model test results 
 
The results of centrifuge model test of Kitazume and Maruyama (2007), Inagaki et al. 
(2002), Nguyen et al. (2016) were used to verify the usefulness of the proposed method. 
 
5.2.1 Centrifuge model test by Kitazume and Maruyama (2007) (M-1) 
 
(1) Brief description 
 
One of the centrifuge model tests reported by Kitazume and Maruyama (2007) (Case 8 
in their paper) has been analyzed here. The plan geometry of model test Case 8 with soil-
cement column improvement is shown in Fig. 5.1 and the columns were penetrated the 
whole thickness of soft soil layer (end bearing column). The improvement width from toe 
towards center of the embankment was 10.9 m. The method proposed in Chapter 4 is for 
cases that the entire area of soft soil under an embankment is improved by DCM columns. 
Since Case 8 was the model test with largest improvement width with soil cement column, 
it has been analyzed with the proposed method. The height of the embankment was 4.0 m 
in the prototype scale. The unit weight of the embankment was 14 kN/m
3
. The area 
improvement ratio (α) of the soil-cement columns was 28%. The diameter and length of the 
soil-cement column in prototype scale was 1 m and 10 m respectively. The unconfined 
compressive strength (qu) of the soil-cement column was 409 kN/m
2
. And the tensile 
strength (t) reported was 132 kN/m
2
. Because there was a small carbon rod with a 
diameter of 2 mm (dimension in centrifuge scale) penetrated inside the 20 mm diameter 
DCM column, the tensile strength of the soil cement column became relatively high for 
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this model test. The properties of the soft soil of the model ground are given in Table 5.1. 
The undrained shear strength profile of the model ground is given in Fig. 5.2. 
 
Fig. 5.1 Plan of the model test (Case 8, Dimensions in centrifuge scale) 
 
Fig. 5.2 Undrained shear strength of the model test (Dimensions in centrifuge scale) 
 
 
Table 5.1 Properties of soft soil of model test (M-1)  
Parameter Soft soil 
Depth (m) in Prototype scale 0.0 –10.0 
Unit weight, t (kN/m
3
) 13.8 
Modified compression index, λ* = /(1+eo) 0.061 
Modified swelling index, κ* =  /(1+eo) 0.012 
Effective cohesion, c’ (kN/m2) 2 





















OCR = 4 ( Clay layer 1)
OCR = 1. 3 (Clay layer 2)
OCR = 1 (Clay layer 3)
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(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
Since the minimum su was at the depth of 0.625 m with a value of 3.7 kN/m
2
 (Fig. 5.2), the 
value of su avg was calculated from the depth of 0.625 m to 2.625 m, su avg was 4.28 kN/m
2
. 
Then the representative value of sua of the ground was calculated as: 
0.5 20.5
   min .28 3.7 3.97 kN(4 ) /m   ( )ua u avg us s s      
(b) Representative stiffness index (Ira) 
The reconsolidated soil (Kaolin Clay) of the centrifuge model test was a very soft clay, Ir = 
65.0 was assumed.  
The analyzed results of pem, sua, Ira, Pn, Mn, Mmax and t are summarized in Table 5.2. 
 




















56.0 3.97 65.0 14.1 0.0048 19.23 195.8 132 
 
(3) Possibility of bending failure in the DCM column 
 
The predicted tensile stress (t) in the column is larger than its strength. As the 
predicted tensile stress (195.8 kN/m
2
) is higher than the tensile strength (132 kN/m
2
) of the 
DCM column, the DCM column located at the toe of the embankment for this centrifuge 
test will fail by bending. Fig. 5.3 depicts the deformed shape of the model test Case 8, in 
which bending deformation of the columns and cracks on them are clearly seen. Thus the 
prediction is consistent with the results of the model tests. 
 




5.2.2 Centrifuge model test by Inagaki et al. (2002) (M-2) 
 
(1) Brief description 
 
In the centrifuge model test reported by Inagaki et al. (2002), the height of the model 
embankment was 6 m and the depth of soft ground was 13 m thick (Fig. 5.4). The unit 
weight of the embankment was 19 kN/m
3
. The properties of the soft soil are given in Table 
5.3. This ground had uniform undrained shear strength of approximately 18 kN/m
2
. The 
model columns were end bearing type soil-cement columns with 1 m in diameter. The area 
improvement ratio of the columns was 20%. The model test was conducted on 50g. The 
unconfined compressive strength of the cement columns were 219 – 302 kN/m2. As the 
tensile strength of the cement column was not directly mentioned for this test it was 
assumed as 30 kN/m
2
 (about 1/10 of the compressive strength). 
 
Table 5.3 Properties of soft soil of model test (M-2) 
Parameter Soft soil 
Thickness in Prototype scale (m) 0.0 –13.0 
Unit weight, t (kN/m
3
) 17 
Modified compression index, λ* = /(1+eo)  0.046 
Modified swelling index, κ* =  /(1+eo) 0.01 
Effective friction angle, ϕ’ (degrees) 29 
 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
As it was mentioned that the ground had uniform undrained shear strength of 18 kN/m
2
 
(Inagaki et al. 2002), so the representative sua is taken as: 
sua = 18 kN/m
2
 
(b) Representative stiffness index (Ira) 
Assuming the reconsolidated soil (Kaolin Clay) prepared for the centrifuge model was very 
soft clay, Ir = 65.0 was assumed.  
 
The summary of the results predicted from the design method are given in Table 5.4. 
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114.0 18.0 65.0 6.33 0.003 7.11 72.4 30 
 
(3) Possibility of bending failure in the DCM column 
 
As the predicted tensile stress (72.4 kN/m
2
) is higher than the tensile strength (30 
kN/m
2
) of the DCM column, the DCM columns will fail by bending. Fig. 5.5 (after Inagaki 
et al. 2002) illustrates the deformed shape after completion of the model test in which 
bending deformation and cracks on the columns can be clearly seen.  
 
Fig. 5.4 Model configuration of the centrifuge test (Dimensions in Prototype scale, 
Inagaki et al. 2002) 
 




5.2.3 Centrifuge model test by Nguyen et al. (2016) (M-3) 
 
(1) Brief description 
 
One of the centrifuge model tests reported by Nguyen et al. (2016) (Case 4 in their 
paper) was analyzed. The height of the model embankment was 6 m and the depth of soft 
ground was 10 m thick (Fig. 5.6). The model test was conducted on 50g. The material of 
the embankment was zircon sand with high specific gravity of 4.66 and unit weight of 33.0 
kN/m
3
. The undrained shear strength profile of the model ground is given in Fig. 5.7. The 
model columns were end bearing type soil-cement columns with 1 m in diameter. The area 
improvement ratio of the columns was 22%. The unconfined compressive strength of the 
cement columns was 250 kN/m
2
. As the tensile strength of the cement column was not 
directly mentioned for this test it was assumed as 25 kN/m
2
 (about 1/10 of the compressive 




Fig. 5.6 Model configuration of the centrifuge test (Dimensions in prototype scale, 
Nguyen et al. 2016) 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
As it is seen that the ground had almost uniform undrained shear strength of about 30 
kN/m
2
 (Fig. 5.7), so the representative sua is taken as: 
sua = 30 kN/m
2
 
(b) Representative stiffness index (Ira) 




Fig. 5.7 Undrained shear strength of clay, Nguyen et al. 2016 (Dimensions in centrifuge 
scale) 
 
The summary of the results predicted from the design method are tabulated in Table 5.5. 
The calculated value of Pn is 4.67. However the minimum Pn value in the design curve is 
5.0 (Fig. 4.12) and here Pn = 5 was used. 
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(3) Possibility of bending failure in the DCM column 
 
The predicted tensile stress (29.6 kN/m
2
) is higher than the designed tensile strength (25 
kN/m
2
) of the DCM column; hence the DCM columns will fail by bending. Fig. 5.8 
(Nguyen et al. 2016) illustrates the deformed shape of the DCM columns after completion 































Fig. 5.8  Illustration of deformed shape of DCM columns (after Nguyen et al. 2016) 
 
5.3 By Field Cases 
 
5.3.1 Field Case at Husuzhe Highway in Jiangsu, China (end bearing) (F-1) 
 
(1) Brief description 
 
Liu et al. (2012) and Yi et al. (2012) reported the case located along the Husuzhe 
Highway, Jiangsu Province, China. The height of the embankment was approximately 4 m. 
As the unit weight of the embankment was not reported, it was assumed as 19 kN/m
3
 with 
the embankment material as decomposed granite. The properties of the subsoils are given 
in Table 5.6. The value of λ* were back-calculated from reported values of the constrained 
modulus (Es) of the soil layers and the corresponding effective stresses. There were two 
different types of DCM column improvement. One type was T-shaped deep cement mixed 
(TDCM) column and another type was conventional DCM column. This study focused on 
the conventional DCM column section. The cross-sectional view of the embankment and 
the DCM columns are given in Fig. 5.9. The undrained shear strength profile of the ground 
is given in Fig. 5.10. The spacing of the DCM columns was 1.4 m. The length and diameter 
(D) of the DCM column were 16.5 m and 0.5 m respectively. The area improvement ratio 
(α) was 11.6 %. The cement content mixed with soil was 255 kg/m3 and the water/cement 
(w/c) ratio of the slurry was 50%.  The compressive strength of the DCM columns varied 
from 1000 to 1600 kN/m
2





Considering tensile strength as 1/10 of the compressive strength, the average tensile 
strength of the DCM columns at the site was 125.0 kN/m
2
 (Liu et al. 2012). 
 
Table 5.6 Properties of the subsoils at Husuzhe Highway site, China 
Parameter Crust layer Muck layer Silt layer Clay layer 
Thickness (m) 0 –2.0 1.5 –14.0 14.0 –16.0 16.0 –18.0 
Unit weight, t (kN/m
3
) 19 17 20.3 20.5 
Modified compression index, λ* 0.017 0.0789 0.0334 6  10-3 
Modified swelling index, κ* 0.0034 0.01578 4  10-3 1.2  10-3 
Effective cohesion, c’ (kN/m2) 31.2 12.6 40.3 37.9 
Effective friction angle, ϕ’ 
(degrees) 
25 16.3 23.5 29.7 
 
 
Fig. 5.9 Cross sectional view of test embankment on conventional DCM column (after Yi 
et al. 2012) 
 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
The minimum undrained shear strength (su min) of the ground was at the depth of 4.0 m with 
a value of 19.54 kN/m
2
 (Fig. 5.10). The average su from depth 2.0 m to 6.0 m, su avg is 
24.18 kN/m
2
. Then the representative value of sua of the ground is calculated as: 
0.50.5 2
   (24.18 9 4)1 .5   21.73 kN/m( )ua u avg u mins s s       
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(b) Representative stiffness index (Ira) 
The value of E50/su was assumed as 200, and hence the value of Ir can be estimated as 70.  
 
Fig. 5.10 su profile of the ground in Husuzhe Highway site, China (after Liu et al. 2012) 
 
The summary of the analyzed values from the design method for this case are given in 
Table 5.7. The calculated value of Pn is 3.5. However the minimum Pn value in the design 
curve is 5.0 (Fig. 4.12) and here Pn = 5 (corresponding to 5.0 m height of embankment) 
was used. 
 




















































(3) Possibility of bending failure in the DCM column 
 
The factor of safety of the column against bending was estimated as 6.8 for this case  
 
5.3.2 Field Case at Samutprakan Province, Thailand (end bearing) (F-2) 
 
(1) Brief description 
 
Jamsawang et al. (2016) reported a highway embankment constructed on DCM column 
improved ground in Samutprakan Province, Thailand. It is located at the Station KM 
6+055 of highway No. 3117 (Bangbo-Klongdan) within the Bangbo District. This site 
mainly consisted of marine deposits. The soil profile consisted of 3 m thick fill material 
underlain by 11 m thick soft clay, 9 m thick medium stiff clay, and 5 m thick stiff soft clay. 
The properties of the subsoils are given in Table 5.8. The height of the embankment was 
only 1.5 m with a 12 m crest width and 1:2 (V: H) side slopes. The unit weight of the 
embankment was 19 kN/m
3
. Fig. 5.11 presents the cross-sectional and plan views of the 
embankment. Obviously, 1.5 m thick fill will most unlikely to cause bending failure of the 
column. Jamsawang et al. (2016) conducted parametric study by 3D FEA and suggested 
that an embankment with a fill thickness of 3.0 m may cause bending failure of the 
columns. Here, a 3.0 m height embankment is considered. The undrained shear strength 
profile of the ground is shown in Fig. 5.12. The DCM columns used to improve the soft 
ground had a diameter of 0.6 m and they were installed in a square pattern at a spacing of 
1.5 m. Additional tangential DCM column under the toe of embankment were constructed. 
The length of the DCM columns was 14.0 m. The end of the column rests on the top of the 
medium stiff clay layer. The area improvement ratio (α) of the DCM columns was 12.5%. 
The cement content mixed with soil was 150 kg/m
3 
and the w/c ratio of the slurry was 
150%. It was reported that, the values of the unconfined compressive strength of the DCM 
column range from 200 to 1600 kN/m
2
. The average value of 940 kN/m
2
 was considered. 
From the results of beam test in the laboratory, the author concluded the tensile strength as 
15% of the unconfined compressive strength, and equals to 130 kN/m
2






Table 5.8 Properties of the subsoils in Samutprakan Province site, Thailand 
Parameter Fill 
material 
Soft clay Medium 
stiff clay 
Stiff clay 
Thickness (m) 0.0 –3.0 3.0 –14.0 14.0 – 23.0 23.0-30.0 
Unit weight, t (kN/m
3
) 20 14 16 20 
Modified compression index, λ* – 0.18 0.12 – 
Modified swelling index, κ* – 0.04 0.06 – 
Effective cohesion, c’ (kN/m2) 1 1 10 18 
Effective friction angle, ϕ’ 
(degrees) 






Fig. 5.11 Cross-sectional and plan views of the DCM column-supported embankment (a) 




Fig. 5.12 su profile of the ground in Samutprakan Province, Thailand (after Jamsawang et 
al. 2016) 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
The minimum undrained shear strength (su) of the ground was at the depth of 6.5 m with a 
value of 14.18 kN/m
2
 (Fig. 5.12). The average su from depth 4.5 m to 8.5 m, su avg is 15.1 
kN/m
2
. Then the representative value of sua of the ground is calculated as: 
0.5 20.5
   (15.1 14.18  14.62 kN/) m(   )ua u avg u mins s s      
(b) Representative stiffness index (Ira) 
Bergado et al. (1996) reported the modulus (E) of soft Bangkok clay as 4000 kN/m
2
. 
Considering E value of 4000 kN/m
2
 and the representative undrained shear strength of this 
site as 14.6 kN/m
2
, the (E/su) ratio can be estimated as 150 – 250. Assuming a Poisson’s 
ratio of 0.5 (undrained) and average E50/su ratio of 200 (range 150 – 250), an Ir value of 70 
can be obtained and it has been used in the calculations.  
 
The summary of the results calculated according to the design method are given in 

























to 3.5 m height of embankment) is assumed as it is nearly the minimum value in the design 
curve of Fig. 4.12. 





















57 14.62 70.0 3.9 (5) 0.0018 0.5 24 130 5.4 
 
(iii) Possibility of bending failure in the DCM column 
 
The factor of safety of the column against bending was estimated as 5.4 for this case. 
Jamsawang et al. (2016) conducted parametric study by FEM 3D. The author concluded 
that at the site construction of the embankment higher than 3.0 m have possibility of 
creating bending failure in the DCM columns. While, the analysis result from this study 
indicates that a 3.0 m height embankment is safe from bending failure of the columns. 
 
5.3.3 Field Case at Peninsular Malaysia (end bearing) (F-3) 
 
Raju (2003) and Arulrajah et al. (2009) reported railway embankments in Peninsular 
Malaysia. The railway track was between Rawang and Ipoh in Malaysia. DCM columns 
were constructed over 800 m length of the railway line. The amount of cement used was in 
the range of 100 to 150 kg/m
3
. The diameter of the DCM columns was 0.6 m and the 
lengths varied from 6 m to 14 m. The height of embankment varied from 1.5 m to 3.0 m. 
For the verification purpose the height of the embankment is considered as 3.0 m. The unit 
weight of the embankment was 20 kN/m
3
. The area improvement ratio of the DCM 
columns was 16.7% just below the rail track, whereas it was 12.5% in the remaining area 
underneath the embankment. The area improvement ratio for the columns at the toe of the 
embankment was 12.5% and this value is adopted for the calculation. The tensile strength 
of the DCM columns underneath the rail track was 250 kN/m
2
, while in the remaining area 
was 150 kN/m
2
. The geotextile reinforcement was placed on the top of the DCM columns 
to assist in load transfer. The electric cone penetration tests were carried out at the site to 
study the properties of the subsoils. The depth 0 – 5 m was soft clayey silt with tip 
resistance of 200 kN/m
2
 implying undrained shear strength of the soft soil in the order of 
10 kN/m
2
 to 15 kN/m
2





. Then from the depth 6.5 – 11 m was alternate layers of soft clayey silts and loose 
silty sands. After the depth 11.0 m there was dense sand layers. The cement content mixed 
with soil was 100 – 150 kg/m3. The cross sectional view of the embankment and the DCM 
columns are given in Fig. 5.13. 
 
Fig. 5.13 Cross sectional view of railway embankment on DCM column (after Raju 2003) 
 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
The range of su for the soft clayey layer was reported as varying from 10 kN/m
2
 to 15 
kN/m
2
. Hence the representative value of sua of the ground is considered as: 
2
 12.5 kN/m uas   
(b) Representative stiffness index (Ira) 
It has been reported that the Malaysian soft clay deposits has E50/Su ratio around 190 
(Poulos et al. 1991). Assuming a Poisson’s ratio of 0.5 (undrained) and E50/Su ratio of 190, 
an Ir value of 65 can be obtained. 
 
The summary of the results calculated according to the design method are given in 
Table 5.10. In Table 5.10, the calculated value of Pn is 4.8, however Pn of 5.0 is assumed 
as it is nearly the minimum value in the design curve of Fig. 4.12  
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60 12.5 65.0 4.8 (5) 0.0018 0.62 29.1 150 5.2 
 
(3) Possibility of bending failure in the DCM column 
 
The factor of safety of the column against bending was estimated as 5.2 for this case. 
Here as the columns at the toe of the embankment tensile strength was 150 kN/m
2
, this 
value was adopted for comparison with the predicted tensile stress. Hence the DCM 
columns in this case were safe from failure by bending. 
 
5.3.4 A test embankment in Saga, Japan (floating columns) (F-4) 
 
(1) Description of a case history in Saga, Japan 
 
Chai et al. (2015) reported a full scale test embankment on floating DCM columns 
improved ariake clay deposit, Saga, Japan. Figure 3.6 in Chapter 3 (after Igaya et al. 2011) 
shows the location of the test embankment. The test embankment had a height of 6.5 m. 
The base dimensions (length × width) of the embankment were 55.0 m × 33.6 m and the 
plan dimensions of the top of the embankment were 33.4 m × 12.0 m. The cross sectional 
view of the embankment is shown in Fig. 3.7. The properties of the embankment and the 
soft ground are given in Table 3.4. The undrained shear strength profile of the ground is 
given in Fig. 5.14. The adopted su profile for calculating the value of sua is shown in the Fig. 
5.14 as a solid line. The columns had a diameter of about 1.2 m and a length of 8.5 m, with 
a square pattern and centre-to-centre spacing of 1.9 m, which resulted in an area 
improvement ratio (α) of approximately 31%. There was about 1.0 m thick soft clay which 
was not improved by the columns (floating columns). The cement content mixed with soil 
was 150 kg/m
3 
and the w/c ratio of the slurry was 150%.  The unconfined compressive 
strength of the DCM columns was in the range from 1000 kN/m
2
 to 2000 kN/m
2
 as 
reported by Igaya et al. (2011). Considering the lowest of this range, the tensile strength of 






Fig. 5.14 su profile of the ground for Saga, Japan 
 
(2) Predicting maximum bending moment  
 
(a) Representative undrained shear strength (sua) 
The minimum undrained shear strength (su min) of the ground was at the depth of 2.5 m with 
a value of 15.0 kN/m
2
 (Fig. 5.14).The average su from depth of 0.5 m to 4.5 m, su avg is 17.2 
kN/m
2
. Then the representative value of sua of the ground is calculated as: 
0.5 20.5
   .2 15.0 16.1 k7 N) /m(1   ( )ua u avg u mins s s        
(b) Representative stiffness index (Ira) 
It has been reported that the Ariake clay deposits in Saga area has a ratio of E50/Su (E50 is 
the secant modulus at 50% of peak deviator stress from unconfined compression tests, su is 
undrained shear strength) between 100 and 200 (Chai and Carter 2011). Assuming a 
Poisson’s ratio of 0.5 (undrained) and E50/Su ratio of 200, an Ir value of 70 can be obtained.  
 













































123.5 16.1 70 7.67 0.0038 15.8 93.1 ˃100 ˃ 1.1 
 
In Table 5.11, the value of Mn has been converted to the floating column case as: 
For the DCM column at this site, β = 
8.5
9.5


















=1.126 (From design chart of 8 m height, Fig. 4.13 c) 










As the soil profile of the saga embankment shows that the soil layer from 8.0 to 9.5 m was 
much stronger than the overlaying layer, it is different from our assumption that the 
strength and stiffness of the soil layers gradually increase with depth. So, for the Saga case, 
we may consider it as between “end bearing” and “floating” cases, i.e. using the average 





















                      
 
(3) Possibility of bending failure in the DCM column 
 
For Saga case (F-4), the predicted value of FS is quite low, but the actual case is no any 
sign of column failure at the field. There are two reasons for this: 
(1) The proposed design chart is almost the upper envelop of the numerical results, i.e. 
the design chart already included certain factor of safety inside. 
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(2) After the field installation of the columns, using the checking boring retrieved 
sample of the columns, the unconfined compression strength were 1000- 2000 kN/m
2
. If 
taking an average values it will be about 1500 kN/m
2
 and a tensile strength of about 150 
kN/m
2




The proposed design method given in Chapter 4 has been applied to 3 centrifuge model 
tests and 4 field case histories of embankment on DCM column improved soft clay deposit 
(or model ground). The analyzed results can be summarized as: 
(1) Centrifuge model tests 
The DCM columns of the centrifuge model tests for all cases considered were failed after 
the completion of model tests as reported in the literature. Also from the proposed design 
method, it is predicted that the columns at the toe of embankment will be failed for all the 
cases and the prediction is consistent with the test results. 
(2) Field case histories  
(a) Three end bearing cases 
All the case histories considered had no reported failure of the DCM columns at the site, 
and the analyses using the design method also predicted no tension failure of the columns.  
(b) One floating case  
The floating DCM columns at the site in Saga, Japan, had no failure of the columns, i.e. the 
columns were safe as reported in the literature. The analysis from the design method also 
predicted safe of the DCM columns against bending failure.  
Based on the above results, it is suggested that the proposed method can be used for 
designing embankment on DCM column improved soft clayey deposits for bending failure 
of the columns. The verification results of all the model tests and the field case histories are 







Table 5.12 Summary of the analyzed cases of model tests and field case histories 
 




















M-1 56.0 3.97 65.0 14.1 0.0048 19.23 195.8 132 Fail 
M-2 114.0 18.0 65.0 6.33 0.003 7.11 72.4 30 Fail 
M-3 140 30.0 65.0 4.67(5.0) 0.0018 2.9 29.6 25 Fail 
Field case F-1 76.0 21.73 70 3.5(5.0) 0.0018 0.22 18.3 125 6.8 
F-2 57 14.62 70.0 3.9(5.0) 0.0018 0.5 24 130 5.4 
F-3 60 12.5 65.0 4.8(5.0) 0.0018 0.62 29.1 150 5.2 











In this study, numerical investigations were carried out to investigate the bending 
moment in deep cement mixing (DCM) columns under the toe of an embankment. Based 
on the numerical results, a design method has been proposed to predict the maximum 
bending moment in the DCM columns. The magnitude of an embankment load, undrained 
shear strength (su) and stiffness index (Ir) of a soft ground, and the area improvement ratio 
(α) and diameter of the DCM columns, are taken into account in the proposed method. 
Further both the end bearing and floating columns are considered. The usefulness of the 
method has been verified using the results of centrifuge model tests and field full scale case 
histories reported in the literature. 
 
6.1.1 Numerical investigations  
  
(1) Verification of the numerical method 
 
Three dimensional (3D) finite element analyses (FEA) were conducted to simulate 
centrifuge tests reported in the literature and a full scale test embankment constructed on 
the soft clayey deposit in Saga Prefecture, Japan. The simulated results were compared 
with the measured data in terms of lateral displacements and settlements. For the model 
tests considered the measured bending moments were compared with the simulated values 
also. As the simulated results agreed well with the measured data, the effectiveness of the 
numerical procedure has been verified. The software adopted is Plaxis 3D, and for soft 
clayey deposit, Soft Soil Model (SSM) was used to model its mechanical behavior. 
 
(2) Numerical investigation on the factors influencing the bending failure of the column 
 
More than 100 cases of 3D full scale embankments were simulated to study factors 
affecting the bending moment in the column. The main factors identified are area 
improvement ratio (α), depth improvement ratio (β), diameter of the column (D), 
compressibility of soft ground, (λ, slope in e-ln(p’) plot of virgin compression, where, e is 
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void ratio and p’ is consolidation pressure), undrained shear strength of the ground (su) and 
height of the embankment (H). Regarding the depth of the soft deposit, in case of end 
bearing column, for the cases investigated where the strength of soft soil increased with 
depth, increase the thickness of the soft soil did not cause considerable increase of 
maximum bending moment. While for floating column cases, under a condition of fixed 
thickness of soft soil, maximum bending moment (Mmax) increased with the reduction of 
the length of the column (reduction of β). When the α of the DCM columns were increased, 
the maximum bending moment in the column reduced for both the end bearing and floating 
cases. Increasing compressibility index (λ) of the soft ground, the Mmax increased. In the 
numerical simulation, the difference on the undrained shear strength (su) was considered by 
varying the value of cohesion of the soft clayey soil layers. Increase su of the ground 
reduced Mmax in the DCM columns. Reducing embankment load reduced the maximum 
bending moment in the columns too. 
 
6.1.2 Proposed method for predicting maximum bending moment 
 
Based on the results of numerical investigations, a design method has been proposed for 
predicting the maximum bending moment (Mmax) in DCM columns located under the toe of 
the embankment. The main influencing factors considered are: (1) undrained shear strength 
(su), (2) stiffness index (Ir) of soft ground, (3) embankment load (pem), (4) area 
improvement ratio (α) and depth improvement ratio (β), and (5) diameter (D) of DCM 
columns. 
(1) Three key dimensionless synthetic parameters introduced are: 
(a) Load/strength ratio: Pn = pem/su 
(b) Normalized dimensionless maximum bending moment, Mn, which is a function of 















                                                                            (4.15 bis) 
where Do = 1.0 m, and pa is atmospheric pressure.  
 
(c) Maximum bending moment ratio between the maximum bending moment in the 
floating column ((Mmax)float) and the maximum bending moment in the end bearing column 




(2) Design charts 
Design curves in the forms of Pn – Mn and β – (Mmax)float /(Mmax)end have been 
established. The Pn – Mn curves for design are given in Fig. 4.12. The β  – (Mmax)float 
/(Mmax)end design curves are given in Fig. 4.13.  
 
(3) Design procedure 
The main steps for using the proposed method in design are as follows: 
(a) Step 1: With known height of the embankment and the unit weight of the fill (t), the 
maximum embankment load (pem) can be calculated. 
em tp H                                                                                        (4.17 bis) 
(b) Step 2: Estimate the representative undrained shear strength (sua) of the ground. 
With the variation of su with depth, the minimum undrained shear strength (su min), and the 
average undrained shear strength (su avg ) can be evaluated with the method described in 
Sections 4.2.3 and 4.3.2. Then the representative value of sua of the ground is calculated as: 
 
0.5
   (   )ua u avg u mins s s                                                                         (4.5 bis) 







                                                                                                (4.1 bis) 
(d) Step 4: Estimate the representative stiffness index (Ira) of the ground. First variation 
of Ir with depth of the ground should be estimated. Then calculate Ira using the procedure 
explained in Sections 4.2.3 and 4.3.3. 
0.5
   ( )ra r avg r minI I I                                                                            (4.6 bis) 
(e) Step 5: Obtain Mn. with known value of Pn and Ira, Mn can be obtained from the 
design curves of Pn – Mn.  In case of floating column with embankment height within 6 to 
8 m, calculate depth improvement ratio, β, and correct Mn using the value of β and the 












                                                                    (4.18 bis) 
where Do =1.0 m. 





                                                                                          (4.19 bis) 
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where σt = tensile stress in the column; Mmax = maximum bending moment in the column;  
y = distance from the neutral axis for moment to the point considered; I = moment of 
inertia of the cross-section of a column.  If the tensile stress predicted is greater than the 
tensile strength of the DCM column, the DCM column will fail by bending.  
 
6.1.3 Verification of the proposed method 
 
The proposed design method has been applied to 3 centrifuge model tests and 4 field 
case histories of embankment on DCM column improved soft clay deposits (or model 
grounds). The DCM columns of the centrifuge model tests for all the cases were failed 
after the completion of model test as reported in the literature. The proposed design method 
correctly predicted the bending failures. For the field cases no failure occurred and the 
predictions are consistent with the field observed results. Therefore it is suggested that the 
proposed method can be used for design embankments on DCM column improved soft 
deposits considering bending failure of the columns.  
 
6.2 Recommendations for further Research 
 
The present study has proposed a method for predicting the maximum bending moment 
of DCM columns under embankment loading. While some recommendations and 
suggestions for future study in this area are as follows: 
(1) Method for predicting the location where the maximum bending moment occurs is 
required.  
(2) The design method is for the condition that the whole area under an embankment is 
improved by DCM columns. Further study for the case that DCM columns are only 
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